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Abstract: This article is a detailed version of our short letter ‘On equilibrium partition
function for non-relativistic fluid’ [1] extended to include an anomalous U(1) symmetry. We
construct a relativistic system, which we call null fluid and show that it is in one-to-one
correspondence with a Galilean fluid living in one lower dimension. The correspondence is
based on light cone reduction, which is known to reduce the Poincare´ symmetry of a theory to
Galilean in one lower dimension. We show that the proposed null fluid and the corresponding
Galilean fluid have exactly same symmetries, thermodynamics, constitutive relations, and
equilibrium partition to all orders in derivative expansion. We also devise a mechanism to
introduce U(1) anomaly in even dimensional Galilean theories using light cone reduction, and
study its effect on the constitutive relations of a Galilean Fluid.
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1 Introduction and Summary
Non-relativistic systems enjoy an active interest in the physics community primarily for two
main reasons. First, they are expected to be realised in the low energy physics experiments.
Second and more fundamentally grounded reason is that a non-relativistic system can be
thought of as an effective low energy description of an underlying relativistic theory. Hence,
it is natural to expect that the constitutive relations of a non-relativistic fluid, obtained as an
effective description of a relativistic theory, may contain new terms which are not considered
in the coarse grained description of hydrodynamics [3]. For example, if the system breaks
parity symmetry at the microscopic level, that will enforce us to add parity-odd terms in
the constitutive relations. The goal of this paper is to revisit the paradigm of non-relativistic
charged hydrodynamics. We devise a consistent mechanism to derive the parity-even and odd
terms in the constitutive relations of a non-relativistic fluid up to leading order in derivatives,
starting from a relativistic theory.
Galilean fluids1 have been an interesting and active topic of research in recent years [2, 4–11].
[2] worked out a consistent way to write Galilean fluid constitutive relations in Newton-
Cartan covariant formalism, and used the second law of thermodynamics to constrain the
hydrodynamic transport in two spatial dimensions. It is known that Newton-Cartan geometry
with Galilean isometry follows from light cone reduction of a relativistic geometry in one
higher dimension [12, 13]. The idea behind this is that the Poincare´ algebra in (d + 2)-dim
has a (d + 1)-dim Galilean subalgebra embedded into it. As suggested in [6], this approach
can be used to construct Galilean covariant tensors in Newton-Cartan formalism, which is
otherwise a non-trivial task. Similar ideas were also used in [2] where authors constructed
an extended representation of Galilean group by embedding it in one higher dimension, and
used it to present the Galilean fluid dynamics in a manifestly covariant manner.
In this work, we take this approach a step ahead and ask if we can construct a relativistic
fluid, whose symmetry algebra when restricted to the Galilean subalgebra, is equivalent to
a Galilean fluid in one lower dimension. This idea has been explored in the past, starting
with [14] which showed that dynamics of a relativistic fluid reduces to that of a Galilean
fluid under light cone reduction. However in [15], we observed that this na¨ıve approach runs
into some troubles – the thermodynamics that the reduced Galilean fluid follows is restricted
(mass chemical potential is not an independent variable; look footnote 7). We also found
that the parity-odd sector only survives if the fluid is incompressible and is kept in a constant
magnetic field. It strongly hints that to get the most generic Galilean fluid via light cone
reduction, we need to start with a modified relativistic system.
1A non-relativistic system is defined by c→∞ limit of a relativistic system, while a Galilean system is one
whose isometry group is Galilean. The two are only approximately the same. In this paper however, we only
talk about Galilean theories, as they are much easier to handle.
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More precisely, we start with a flat background (metric and gauge field),
ds2flat = −2dx−dt+
d∑
i=1
(dxi)2, Aflat = 0, (1.1)
which has (d+ 2)-dim Poincare´ invariance. (d+ 1)-dim Galilean algebra sits inside Poincare´
– all generators which commute with P− = ∂− (c.f. [4]). Hence a theory on this background
which respects x− independent isometries xM → xM + ξM (t, ~x), xM = {x−, t, xi} enjoys
Galilean invariance. Compactifying the x− direction, we can recover a (d+1)-dim flat Galilean
background on which non-relativistic theories can be defined. This is known as light cone
reduction (LCR). We turn on x− independent fluctuations around the flat background,
ds2 = −2e−Φ(dt+ aidxi)(dx− −Btdt− Bidxi) + gijdxidxj, A = Atdt+Aidxi. (1.2)
Galilean theories can then be described by a partition function Z[Bt,Bi,Φ, ai, gij ,At,Ai].
Treating these fluctuations as sources, we can define the following observables, evaluated in
absence of sources (i.e. on flat background),
ρ =
δW
δBt
∣∣∣∣
flat
, jiρ =
δW
δBi
∣∣∣∣
flat
, ǫ =
δW
δΦ
∣∣∣∣
flat
, jiǫ =
δW
δai
∣∣∣∣
flat
, tij = 2
δW
δgij
∣∣∣∣
flat
,
q =
δW
δAt
∣∣∣∣
flat
, jiq =
δW
δAi
∣∣∣∣
flat
. (1.3)
Here W = lnZ, and ρ, jiρ, ǫ, jiǫ, tij , q, jiq are mass density, mass current, energy density,
energy current, stress tensor, charge density and charge current respectively of the Galilean
theory. Invariance of partition function under x− independent diffeomorphisms will imply the
following conservation equations,
∂tρ+ ∂ij
i
ρ = 0, ∂tǫ+ ∂ij
i
ǫ = 0, ∂tj
i
ρ + ∂jt
ji = 0, ∂tq + ∂ij
i
q = 0. (1.4)
These are exactly what we expect for a Galilean system, if we identify t with Galilean time,
as suggested by the notation.
Above procedure can be made manifestly covariant as proposed in [12] and later developed by
[13, 16, 17] and many others. Consider a curved background, a metric GMN and a gauge field
AM with a null Killing vector V M normalized as VMVM = 0 and VMAM = 0; we call this
background null background2. Theories on null background, which we call null theories, are
demanded to be invariant under V M preserving diffeomorphisms and gauge transformations.
The background given in eqn. (1.2) with respective Galilean symmetry then just follows by
a choice of basis xM = {x−, t, xi} such that V = ∂− (t is not necessarily null). It suggests
2Backgrounds admitting a covariantly constant null Killing vector are termed as Bargmann structures
in [12]. Null backgrounds are special cases of Bargmann structures on which gauge fields and connections’
component along the null Killing vector are fixed.
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that null theories are entirely equivalent to Galilean theories, and are related by merely this
choice of basis. More formally, null theories exhibit Galilean invariance upon null reduction,
i.e. getting rid of V direction through compactification.
We can now study a null fluid on this null background, with the hope to get the most generic
Galilean fluid after reduction. Unlike ‘usual’ relativistic fluids, in this case isometry V is also
a background field and hence must be considered while writing the respective constitutive
relations. This simple consideration happens to resolve all the issues we enlisted before.
In fact it does much more that that; even before LCR, (d + 2)-dim null fluid is essentially
equivalent to a (d+ 1)-dim Galilean fluid, as they have same symmetries. As we shall show,
their constitutive relations, conservation equations, thermodynamics etc. match exactly to
all orders in the derivative expansion.
Another motivation to study null backgrounds is Galilean anomalies3. The thumb rule for
anomalies tells us that they can only exist in even dimensions. But since light cone reduction
reduces dimension of the theory by one, even if we start with an even-dimensional anomalous
relativistic theory, the reduced Galilean theory is odd-dimensional and hence all anomalous
terms should vanish4. However this argument about dimensionality can be bypassed by
working in null backgrounds. Since there is an extra vector field V in the theory, the tensor
structure allows for anomalies only in odd dimensions. In fact, one can reconstruct anomalies
in an even dimensional Galilean theory by starting with an odd dimensional anomalous null
theory. We would like to use the null fluid construction to see how these anomalies affect the
Galilean hydrodynamic transport.
It is known that constitutive relations of a relativistic fluid at local thermodynamic equilibrium
can be obtained from an equilibrium partition function up to some undetermined ‘transport
coefficients’ [20, 21]. These coefficients can be determined either from experiments or through
a microscopic calculation. If we think of Galilean fluid as a limit of an underlying relativistic
theory, we would expect that its constitutive relations will also follow from such an equilibrium
partition function, which has been discussed in [7]. We expect that a similar partition function
can also be achieved via light cone reduction by setting the theory on background eqn. (1.2)
to be independent of t direction. In this configuration symmetries of the theory break down
to diff×U(1)3 (spatial diffeomorphisms, Kaluza-Klein transformations, mass transformation
and gauge transformation), and one can easily write down the equilibrium partition function
3We will only be talking about global t’Hooft anomalies appearing in Galilean theories as described by
[18]. Our working definition of anomaly shall be that the respective conservation laws are violated by certain
terms purely dependent on the background sources. We do not dwell in the microscopic interpretation of these
anomalies.
4This is in contrast with the results of [18], where author found that the relativistic anomalies survive the
light cone reduction and show up as gauge/gravitational and Milne anomalies in the Galilean theory. We
observe that this is because of the presence of extra scalar sources in the Galilean theory that are reminiscent
of reduction and must be switched off in a physically realizable theory. We present a detailed analysis on these
issues in a companion paper [19].
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invariant under these symmetries as a gauge invariant scalar made out of the background
fields. In null background picture, same story follows by introducing another isometry KM ,
and choosing a basis such that K = ∂t.
Hence the refined goal of this paper is to set up a consistent theory of hydrodynamics on
null backgrounds. We want to find the most generic constitutive relations for a fluid on
null backgrounds constrained by the second law of thermodynamics and requirement of an
equilibrium partition function. Later employing light cone reduction, we interpret these null
fluid constitutive relations as constitutive relations of the most generic Galilean fluid.
Organization of this paper is as follows. In § 2 we review the construction of torsionless null
backgrounds, and construct an equilibrium partition function for null theories. Then in § 3
we study hydrodynamics on these null backgrounds, and put constraints on its dynamics by
equilibrium partition function and second law of themodynamics. We devote § 4 to review
the procedure to obtain Galilean theories from null theories by light cone reduction, and use
it to study Galilean hydrodynamics in § 5. Finally in § 6 we extend this entire construction to
anomalous fluids. In appendix (A) we extend the entropy current calculation in presence of
minimal compatible torsion, which is required to get agreement between equilibrium partition
function and entropy current constraints. In appendix (B) we express all these results in
conventional non-covariant basis. In appendix (C) we provide a comparison of our results
with those of [2]. At the end, in appendix (D) we mention notations and conventions of
differential forms used throughout this paper.
2 Construction of Null Backgrounds
We start our discussion by formally setting up null backgrounds, which will prove to be a
natural ‘embedding’ of Galilean (Newton-Cartan) backgrounds into a spacetime of one higher
dimension. These kind of backgrounds were first considered in [12] and further explored by
[13, 16, 17] where authors recovered Newton-Cartan gravity by light cone reduction of general
relativity. We will refine the approach by constraining the background field content so that it
exactly matches that of a non-relativistic theory, hence letting us study physically realizable
Galilean fluids later.
Let us consider a manifold M(d+2) equipped with a metric ds2 = GMNdxMdxN and a U(1)
gauge field A = AMdxM together referred as background fields/sources. M(d+2) is also
provided with the Levi-Civita connection,
ΓRMS =
1
2
GRN (∂MGNS + ∂SGNM − ∂NGMS) , (2.1)
and a covariant derivative∇M associated with ΓRMS and AM . We demand that physical theo-
ries onM(d+2) are left invariant by diffeomorphisms and gauge transformations parametrized
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by infinitesimal parameters ψξ =
{
ξ = ξM∂M ,Λ(ξ)
}
which we call symmetry data. Action of
ψξ (denoted by δξ) on various background fields is given as,
δξGMN = £ξGMN = 2∇(M ξN), δξAM = ∂M
(
Λ(ξ) + ξ
NAN
)
+ ξNFNM , (2.2)
where £ξ denotes Lie derivative along ξ and FMN is the field strength of AM . One can check
that symmetry data ψξ form an algebra with commutator defined by,
ψ[ξ1,ξ2] ≡ [ψξ1 , ψξ2 ] = δξ1ψξ2 = −δξ2ψξ1 =
{
£ξ1ξ2 = −£ξ2ξ1,£ξ1Λ(ξ2) −£ξ2Λ(ξ1)
}
. (2.3)
Correspondingly their action on a general field (suppressing all the indices) ϕ also forms an
algebra with commutator given by [δξ1 , δξ2 ]ϕ = δ[ξ1,ξ2]ϕ. Physical theories on M(d+2) can
be described by a generating functional5 W [GMN ,AM ] which is seen as a functional of the
background sources. Under infinitesimal variation of these sources linear response of W is
captured by,
δW =
∫ {
dxM
}√−G [1
2
TMNδGMN + J
M δAM
]
. (2.4)
TMN , JM are called energy-momentum tensor/current and charge current respectively. De-
manding partition function to be invariant under the action of ψξ given in eqn. (2.2), we can
obtain a set of Ward identities these currents must follow,
∇MTMN = FNMJM , ∇MJM = 0. (2.5)
These are the energy-momentum and charge conservation laws of a relativistic theory. It is
not mandatory for a physical theory to admit a Lagrangian description, in which case the
theory itself can be characterized in terms of conserved currents TMN , JM with dynamics
provided by equations of motion (2.5).
2.1 Compatible Null Isometry
So far whatever we have said applies to any relativistic theory. We now specialize to our
case of interest – ‘null backgrounds’ by introducing a null Killing vector. More formally, a
symmetry data ψV =
{
V = VM∂M ,Λ(V )
}
will be said to generate a compatible null isometry
on M(d+2) if it follows,
1. Action of ψV is an isometry, δVGMN = δVAM = 0,
2. V is null, V MVM = 0,
3. V is preserved under covariant transport, ∇MV N = 0, and,
4. Component of gauge field A along V is fixed to: VMAM = −Λ(V ).
5Actually W = lnZ where Z is the QFT generating functional.
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We will call backgrounds admitting a compatible null isometry to be null backgrounds. Since
we are working with torsionless manifolds, one can check that above conditions imply that
HMN = ∂MVN − ∂NVM = 0. This is a dynamic constraint and can be violated by quantum
fluctuations off-shell – a fact that will become important when we write equilibrium partition
function for fluids on null backgrounds in § 2.2.1.
Null backgrounds possess some nice features, first one being: V M∇Mϕ = δV ϕ for any contra-
co-variant tensor ϕ (all indices suppressed), transforming in appropriate representation of the
gauge group. Further if ϕ is entirely made up of GMN ,AM , by first consistency condition,
VM∇Mϕ = δV ϕ = 0. These consistency conditions also imply,
V NFNM = V NRNMRS = RNMRSV R = 0, (2.6)
where RMNRS is the Riemann curvature tensor. We term physical theories on null back-
grounds (with compatible null isometry ψV ) as null theories, and demand them to be invari-
ant under ψV preserving symmetry transformations i.e. [ψξ, ψV ] = 0. This will break down
the Poincare´ symmetry algebra to Galilean, and give null theories a Galilean interpretation.
Algebraic relations (2) and (4) in the definition of compatible null isometry, will imply,
δ(V MVM ) = 0 ⇒ VMV NδGMN = −2VMδV M ,
δ(V MAM + Λ(V )) = 0 ⇒ VMδAM = −δΛ(V ) −AMδV M . (2.7)
It immediately follows that under a variation of background sources restricted by δψV = 0,
linear response of partition function eqn. (2.4) is still completely characterized by TMN , JM ,
with an added ambiguity in currents,
TMN → TMN + θ1V MV N , JM → JM + θ2V M , (2.8)
where θ’s are some arbitrary scalars. One can check that they leave the conservation equations
(2.5) invariant, provided δV θ1 = δV θ2 = 0. This point onwards whenever we talk about
variation, we implicitly assume it to follow δψV = 0. Also for the following analysis, we
partially fix ψV by choosing Λ(V ) = 0 for convenience.
2.2 Equilibrium
For our later discussion on equilibrium partition function of hydrodynamics, it will be helpful
to define a notion of equilibrium on null backgrounds. A system is said to be in equilibrium
if it admits a time-like isometry generated by ψK =
{
K = KM∂M ,Λ(K)
}
, i.e. KMKM < 0
and δKGMN = δKAM = 0. Using K we can define a null field,
V¯ M(K) = e
Φ
(
KM + BtV M
)
, eΦ = − 1
KMVM
, Bt = −KMK
M
2KNV N
, (2.9)
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which is orthonormal to V , i.e. V¯ M(K)VM = −1, V¯M(K)V¯(K)M = 0. We define spatial slice M(d)
as the spacetime transverse to V and V¯(K) with projection operator,
PMN(K) = G
MN − 2V (M V¯ N)(K). (2.10)
Using diffeomorphism and gauge invariance ofM(d+2) we pick up coordinates xM = {x−, t, xi}
such that,
ψV =
{
V = ∂−,Λ(V ) = 0
}
, ψK =
{
K = ∂t,Λ(K) = 0
}
, (2.11)
and coordinates ~x = {xi} span MK(d). In this basis, background fields can be decomposed
as,
ds2(d+2) = GMNdx
MdxN = −2e−Φ (dt+ aidxi) (dx− − Btdt− Bidxi)+ gijdxidxj,
A = AMdxM = Atdt+Aidxi. (2.12)
Indices on MK(d) can be raised and lowered by gij and its inverse gij . Decomposition of other
derived fields follow trivially from here,
VM =

 0−e−Φ
−e−Φai

 , V¯M(K) =

e
ΦBt
eΦ
0

 , V¯(K)M =

−1Bt
Bi

 ,
P(K)MN =

0 0 00 0 0
0 0 gij

 , PMN(K) =

 BkB
k −akBk Bj
−akBk akak −aj
Bi −ai gij

 , (2.13)
where we have defined Bi = Bi − aiBt, Ai = Ai − aiAt. Under this choice of basis, one can
check that residual symmetry transformations are parametrized by ~x dependent symmetry
data ψξ = {ξt, ξ−, ~ξ,Λ(ξ)}, which acts on reduced set of background fields as,
δξΦ = £~ξ Φ, δξai = ∂iξ
t+£~ξ ai, δξBt = £~ξ Bt, δξBi = −∂iξ−+£~ξ Bi, δξgij = £~ξ gij ,
δξAt = £~ξ At, δξAi = £~ξ Ai + ∂iΛ(ξ),
where £~ξ denotes lie derivative with respect to
~ξ. Its trivial to see that ai, Bi, Ai transform
as U(1) vector gauge fields, Φ,Bt,At transform as scalars, and gij transform as rank 2 tensor.
The response of partition function eqn. (2.4) in equilibrium under infinitesimal variation of
these sources can be worked out to be,
δW eqb =
∫ {
dxi
}√
g
[
eΦ (Tt− + T−−Bt) 1
ϑ2o
δϑo +
1
ϑo
[
T it + J
iAt
]
δai
+
1
2ϑo
T ijδgij +
(
T−−δ̟o − 1
ϑo
T i−δBi
)
−
(
J−δνo − 1
ϑo
J iδAi
)]
, (2.14)
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where we have defined:
ϑo = ϑ˜e
Φ, ̟o =
1
ϑ˜
Bt, νo = 1
ϑ˜
At. (2.15)
ϑ˜ = 1/(β˜R˜) where β˜ is the radius of the euclidean time τ = ιt and R˜ is the radius of
compactified x−. We define a connection on M(d) as,
γkij =
1
2
gkl (∂igjl + ∂kgij − ∂lgij) , (2.16)
and s∇i as its associated covariant derivative. We call the associated Riemann curvature
tensor Rijkl. Note that condition for torsion-less manifolds, HMN = 0 implies that in equi-
librium,
fij = ∂iaj − ∂jai = 0, ∂iϑo = 0. (2.17)
Again, these conditions can be violated offshell, which will be important in next subsection
when we start construction the equilibrium partition functions.
2.2.1 Constructing Equilibrium Partition Function
Motivated by applications in hydrodynamics, we want to write the most generic form of
equilibrium partition function allowed by symmetries arranged in a derivative expansion of the
background sources. Partition function is generally written as integration of scalar densities.
While the partition function is itself invariant under symmetries, such statement cannot be
made for the integrand. In fact, terms can be added to it whose variation is gauge invariant
only upto some boundary terms. We can hence decompose W eqb into6,
W eqb =W eqbHS +W
eqb
HV
, W eqbHS =
∫ {
dxi
}√
g
1
ϑo
PHS , W
eqb
HV
= −
∫
M(d)
I
(d)
CS , (2.18)
where PHS is a scalar, and I
(d)
CS is the d-dimensional ‘Chern-Simons’ form. I
(d)
CS is defined such
that dI
(d)
CS = P
(d+1)
CS is a ‘polynomial’ made out of field strengths da, dB, dA and curvature
2-form Rij = Rkl
i
jdx
k ∧ dxl. It is known that P(d+1)CS can only be written in odd spatial
dimensions (d = 2n− 1), and upto first non-trivial order in derivatives is given as,
P
(2n)
CS =
n∑
r=0
(
n
r
) n−r∑
s=0
(
n−r
s
)
C(r,s)(dA)
∧r ∧ (dB)∧s ∧ (ϑ˜da)∧(n−r−s), (2.19)
where C(r,s) are constants and
(
n
r
)
= n!
r!(n−r)! is the binomial coefficient introduced for later
convenience. Note that the torsionlessness condition H = 0 would imply f = da = 0 on-shell,
6 Usage of subscripts HS, HV is motivated from eightfold classification of relativistic transport in [22]. It
is yet not clear if such a classification is also applicable to null backgrounds, so for us this usage is purely
notational.
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but since partition functions are to be written off-shell, we include these terms. From here
we can find the on-shell variation of W eqbHV ignoring some boundary terms,
δW eqbHV = −
∫
M(d)
n
n−1∑
r=0
(
n−1
r
)
(dA)∧r ∧ (dB)∧(n−r−1) ∧
(
C1,(r)ϑ˜δa+ C2,(r+1)δA+ C2,(r)δB
)
,
(2.20)
where C1,(r) = C(r,n−r−1) and C2,(r) = C(r,n−r). From here we can trivially read out the
contribution of W eqbHV to currents in equilibrium; we will come back to it in § 3.3.1. Coming
back toW eqbHS , it is now just integration of the most generic scalar PHS made out of background
sources arranged in a derivative expansion. At ideal order (no derivatives) PHS ,ideal = Po is
defined as a gauge invariant function of ϑo,̟o, νo,
W eqbHS ,ideal =
∫ {
dxi
}√
g
1
ϑo
Po(ϑo,̟o, νo). (2.21)
We take this opportunity to define near equilibrium thermodynamics on null backgrounds.
It is known that euclidean partition function Z = eW can be identified with grand canonical
partition function of statistical mechanics. It follows that P can be identified as pressure
density, ϑ as temperature, and ν, ̟ as chemical potentials scaled with temperature, which
boil down to their o values at equilibrium. Differential of P (ϑ,̟, ν) can be expanded as,
dP = Sdϑ+Rd(̟ϑ) +Qd(νϑ), (2.22)
where we identify S as entropy density, R as ‘mass density ’ and Q as charge density. We can
also define an energy density E by invoking Gibbs-Duhem relation,
E = Sϑ+ ϑR̟ + ϑQν − P. (2.23)
Taking a derivative of this relation and using eqn. (2.22) we can find the first law of thermo-
dynamics,
dE = ϑdS + ϑ̟dR+ ϑνdQ. (2.24)
Existence of a mass density makes this thermodynamic system already look Galilean and we
take it as first hint that (at least) near equilibrium theories on null backgrounds are secretly
Galilean7. Coming back to equilibrium, we can vary partition function eqn. (2.21) and use
7 It is interesting to see that a null theory satisfies different thermodynamics than a relativistic theory. It was
noted in [15] that if we start with a relativistic fluid (following relativistic thermodynamics), thermodynamics of
Galilean fluid after reduction gets restricted. In our setting this restriction manifests itself as E+P+Rϑ̟ = 0.
After a non-trivial redefinition of thermodynamic functions,
Erel = 2E + P, Prel = P, Srel =
1
a
S, Qrel =
1
a
Q, ϑrel = aϑ, µrel = ϑν, where a =
1√−2ϑ̟,
this restricted thermodynamics is equivalent to relativistic thermodynamics,
dErel = ϑreldSrel + µreldQrel, Erel = Srelϑrel +Qrelµrel − Prel. (2.25)
– 10 –
eqn. (2.14) to read out components of currents in equilibrium at ideal order,
(T ij)o,ideal = Pog
ij , (T−−)o,ideal = Ro, e
Φ(Tt− + T−−Bt)o,ideal = Eo, −(J−)o,ideal = Qo,
(2.26)
and rest all spatial currents zero. Using V M , V¯M(K), P
MN
(K) we can recompile these into covariant
language,
TMNo,ideal = RoV¯
M
(K)V¯
N
(K) + 2EoV
(M V¯
N)
(K) + PoP
MN
(K) , J
M
o,ideal = QoV¯
M
(K). (2.27)
These look like some sort of ideal fluid constitutive relations, but are quite different from a
relativistic fluid. We will make notion of this fluid on null backgrounds – null fluids more
precise in next section.
3 Hydrodynamics on Null Backgrounds
Having already developed some intuition in last section, we proceed to formally construct
hydrodynamics on null backgrounds in its full generality. Any quantum field theory in near
equilibrium regime can be described by hydrodynamics. Systems having a hydrodynamic
description, fluids are in local thermodynamic equilibrium, i.e. variations away from equi-
librium are on scales much much larger than the characteristic scale of the system. This
essentially means that variables defining the fluid are much much larger than their space-time
derivatives. One can therefore express observables (currents) of the theory as a derivative
expansion of symmetry covariant data made out of fluid variables.
Note that conservation laws (2.5) are (d + 3) independent equations, so any system with
(d + 3) variables would be exactly solvable. We choose to describe our system by a fluid
with null velocity u normalized as uMuM = 0, u
MVM = −1, which will give us (d) degrees of
freedom, and three thermodynamic variables: temperature ϑ, mass chemical potential ϑ̟,
and charge chemical potential ϑν. We are interested in configurations which respect the
isometry generated by ψV . Hence, all the fluid variables as well as constitutive relations are
annihilated by action of ψV .
Hydrodynamics (due to dissipation) is not described by a partition function; rather it is
characterized by the most generic form of currents TMN , JM in terms of background fields
GMN ,AM , ψV and fluid variables uM , ϑ,̟, ν known as ‘constitutive relations’ of the fluid.
Dynamics of these currents is given by Ward identities eqn. (2.5) imposed as equations of mo-
tion. The constitutive relations are further constrained by certain physicality arguments, like
Interestingly this map between relativistic and restricted null thermodynamics is exactly the same as the map
between relativistic and restricted Galilean thermodynamics found in [15] by null reduction with a = “u+” in
their language. It motivates us to propose that thermodynamic systems on null backgrounds are equivalent to
thermodynamic systems on Galilean backgrounds.
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second law of thermodynamics or existence of an equilibrium configuration. Using uM , V M
and PMN = GMN + 2V (MuN) we can decompose constitutive relations as,
TMN = RuMuN + 2Eu(MV N) + PPMN + 2R(MuN) + 2E(MV N) + TMN ,
JM = QuM + JM , (3.1)
where we have used redefinitions eqn. (2.8) to get rid of some terms. R, E ,P,Q are some
arbitrary functions of ϑ,̟, ν. The tensors RM ,EM ,TMN , JM contains derivative corrections
and are transverse to uM and V M , and TMN is traceless. Comparing constitutive relations
eqn. (3.1) to eqn. (2.27) we can refer that, at ideal order R, E ,P,Q boil down to respective
thermodynamic variables R,E,P,Q. In the presence of dissipation however, these functions
can deviate from their thermodynamic values.
3.1 Hydrodynamic Frames
Note that fluid variables uM , ϑ,̟, ν are some arbitrary dynamical fields introduced to describe
the near equilibrium quantum system. Like any field theory, these fields can be subjected
to arbitrary field redefinition, called the hydrodynamic redefinition freedom. Some of this
freedom is already fixed by the ideal order equilibrium partition function, requiring that
these fields boil down to V¯ M(K), ϑo,̟o, νo in equilibrium configuration at ideal order. Away
from equilibrium however we are free to perturb these variables the way we like as long as
the mentioned restriction holds,
uM → uM + δuM , ϑ→ ϑ+ δϑ, ̟ → ̟ + δ̟, ν → ν + δν, (3.2)
where the variations are some arbitrary functions of fluid variables and background fields,
subjected to velocity normalization conditions uMδu
M = VMδu
M = 0. Note that near equi-
librium assumption requires these variations should contain at least one derivative. For the
physics to remain invariant under these transformations, we require that the functional form of
TMN , JM remain unmodified. Hence to first non-trivial order in derivatives we will get,
TMN → (R+ δR)uMuN + 2(E + δE)u(MV N) + (P + δP )PMN
+ 2
(
R
(M +Rδu(M
)
uN) + 2
(
E
(M + (E + P )δu(M
)
V N) + TMN ,
JM → (Q+ δQ)uM +QδuM + JM , (3.3)
from where we can obtain hydrodynamic frame transformations,
R → R+ δR, E → E + δE, P → P + δP, Q → Q+ δQ, TMN → TMN ,
J
M → JM +QδuM , RM → RM +RδuM , EM → EM + (E + P )δuM . (3.4)
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Out of these we can construct three hydrodynamic frame invariants, i.e. quantities that do
not transform under hydrodynamic frame transformations,
ΠMN = TMN + PMN
[
(P − P )− (E − E) ∂
∂E
P − (R−R) ∂
∂R
P − (Q−Q) ∂
∂Q
P
]
,
ΥM = JM − Q
R
R
M , EM = EM − E + P
R
R
M . (3.5)
All the physical information about fluid constitutive relations is encoded in these invariants.
It is sometimes convenient to fix a hydrodynamic frame to be able to talk about the physical
constitutive relations directly. Most popular choices involve identifying E ,R,Q with E,R,Q,
and dumping all the dissipation into P. This fixes the ambiguity in ϑ,̟, ν.
For fixing the velocity redefinition, in spirit with the ‘usual’ relativistic fluids we can use,
‘Eckart Frame’ in which JM is chosen to be zero, or ‘Landau Frame’ in which EM is zero. A
more natural8 frame in this case is the ‘Mass Frame’ where RM is chosen to be zero, which
aligns velocity along R flow and all dissipation transverse to VM . We will mainly work in
mass frame for which constitutive relations are given as,
TMN = RuMuN + 2Eu(MV N) + PPMN + 2E(MV N) +ΠMN ,
JM = QuM +ΥM . (3.6)
Another helpful frame for our work is to choose all the fluid variables to be equal to their value
at equilibrium9 exactly, not just at ideal order. We call this ‘Equilibrium Frame’. This has
the advantage that equilibrium partition function naturally gives constitutive relations in this
frame. To be precise, in equilibrium configuration setting {uM , ϑ,̟, ν} = {V¯ M(K), ϑo,̟o, νo}
in the constitutive relations eqn. (3.1), and putting them into equilibrium partition function
variation eqn. (2.14), we can deduce that,
Ro =
δW eqb(d)
δ̟o
, Rio = ϑo
δW eqb(d)
δBi
, Qo =
δW eqb(d)
δνo
, Jio = ϑo
δW eqb(d)
δAi
,
Eo = ϑ2o
δW eqb(d)
δϑo
, Eio −̟oϑoRio − νoϑoJio = −ϑoeΦ
δW eqb(d)
δai
, Pogij + Tijo = 2ϑo
δW eqb(d)
δgij
. (3.7)
Switching back and forth between frames is a non-trivial task, and has to be done order by
order in derivatives. We shall see in the subsequent sections that different physical aspects of
our theory of interest are better understood in different frames. We have to switch between
frames accordingly.
8Upon reduction this will imply that mass current does not have any dissipation, i.e. we associate the fluid
velocity with the flow of mass.
9This frame choice however does not completely fix the hydrodynamic ambiguity. You can still shift fluid
variables with terms that vanish in equilibrium. However for equilibrium partition function calculations, it is
good enough.
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3.2 Entropy Current
Since hydrodynamics is an effective field theory, we start by writing down all possible ex-
pressions, compatible with symmetry, that can contribute to RM ,EM ,TMN , JM . In addition
since we are dealing with a thermodynamic system, we must ensure that the second law of
thermodynamics is satisfied, i.e., there must exist an entropy current JMs , whose divergence
is positive semi-definite,
∇MJMs ≥ 0. (3.8)
We can construct the most generic entropy current for the fluid as,
JMs = J
M
s,can +Υ
M
s , J
M
s,can =
1
ϑ
PuM − 1
ϑ
TMNuN +̟T
MNVN − νJM , (3.9)
which is just SuM at ideal order. JMs,can is called the canonical entropy current, and is given
purely in terms of constitutive relations. ΥMs on the other hand, are arbitrary derivative
corrections to the entropy current. Note that ΥMs , unlike Υ
M , is not required to be transverse
to uM and VM . Using first order equations of motion we can obtain,
uM∂ME = −(E + P )Θ, uM∂MR = −RΘ, uM∂MQ = −QΘ,
PMN
[
R
(
ΩNRu
R − ϑ∂N̟
)− (E + P ) 1
ϑ
∂Nϑ+Q
(FNRuR − ϑ∂Nν)
]
= 0, (3.10)
where we have defined,
ΩMN = ∂MuN − ∂NuM , Θ = ∇MuM . (3.11)
Using these, divergence of canonical entropy current can be computed to be,
ϑ∇MJMs(can) = −ΠMN∇MuN −
1
ϑ
EM∂Mϑ+ΥM
(FMNuN − ϑ∂Mν) , (3.12)
which will come in handy later. Note that each term in above expression is product of
derivatives (called composites). This heavily constraints the form of ΥMs . Its divergence
must not contain any pure derivative terms (terms which are not composites), otherwise total
entropy current cannot be ensured positive semi-definite.
In next subsection, we write the most generic constitutive relations of a null fluid upto lead-
ing derivative order10 in parity-odd and even sectors. We further impose constraints on these
constitutive relations by imposing second law of thermodynamics and requirement of an equi-
librium partition function independently, and compare the results from both the approaches.
Readers who are more interested in Galilean fluid results, can skip this computation and di-
rectly proceed to subsection § 3.4 where the final results for null fluid have been summarized.
These results can be directly used to read off the constitutive relations of a Galilean fluid,
which has been done in §§ 4 and 5.
10By leading order we mean the first derivative corrections appearing in constitutive relations. In parity-
even sector it happens at one derivative order itself. In parity-odd sector however it depends on the number
of dimensions – in odd dimensions (d = 2n− 1) the first correction appear at (n− 1) derivative order, and in
even dimensions (d = 2n) in appears at (n) derivative order.
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Table 1: Leading Derivative Order Data for Null Fluid
Data Value at Equilibrium
Parity Even
Θ ≡ ∇MuM 0
* uM∂Mϑ, u
M∂M̟, u
M∂Mν 0, 0, 0
PMN∂Nϑ, P
MN∂N̟, P
MN∂Nν 0, s∇i̟, s∇iν
* PMN
(
ΩNRu
R − ϑ∂N̟
)
0
PMN
(FNRuR − ϑ∂Nν) 0
σMN ≡ 2PMRPNS∇(RuS) − 2dPMNΘ 0
Parity Odd – Odd Dimensions (d = 2n− 1)
lM(r)
∣∣n−1
r=0
≡ ⋆ [V ∧ u ∧F∧r ∧Ω∧(n−r−1)]M li
o(r)
∣∣n−1
r=0
≡ ∗ [(dA)∧r ∧ (dB)∧(n−r−1)]i
Parity Odd – Even Dimensions (d = 2n)
l(r)
∣∣n
r=0
≡ ⋆ [V ∧ u ∧F∧r ∧Ω∧(n−r)] lo(r)∣∣nr=0 ≡ ⋆ [(dA)∧r ∧ (dB)∧(n−r)]
lMN(r) ∂Nϑ, l
MN
(r) ∂N̟, l
MN
(r) ∂Nν 0, l
ij
(r)∂j̟, l
ij
(r)∂jν
* lMN(r)
(
ΩNRu
R − ϑ∂N̟
)
0
lMN(r)
(FNRuR − ϑ∂Nν) 0
l
R(M
(r) σ
N)
R 0
where,
lMN(r)
∣∣n−1
r=0
≡ ⋆ [V ∧ u ∧F∧r ∧Ω∧(n−r−1)]MN lij
o(r)
∣∣n−1
r=0
≡ ⋆ [(dA)∧r ∧ (dB)∧(n−r−1)]ij
3.3 Leading Order Hydrodynamics
In [23] we discussed in detail the procedure to count various independent data that appear
in constitutive relations of usual relativistic fluids. This can be easily extended to null fluid.
However in this work we are only interested in leading order null fluid, so we can write the
required data by hand without going into the technicalities of [23]. All possible scalars, vectors
and symmetric traceless tensors made out of background fields and fluid variables has been
enlisted in table (1); data marked with ∗ can be eliminated by using first order equations of
motion (3.10).
Using data in table (1) we can now write the most generic form of leading order constitutive
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relations. For parity-even sector we will get,
ΠMN(1) = −ησMN − PMNζΘ,
EM(1) = PMN
[
λǫ̟∂N̟ + λǫν∂Nν + κǫ∂Nϑ+ σǫ
(FNRuR − ϑ∂Nν)] ,
ΥM(1) = P
MN
[
λq̟∂N̟ + λqν∂Nν + κq∂Nϑ+ σq
(FNRuR − ϑ∂Nν)] . (3.13)
In parity-odd sector however, in odd number of dimensions (d = 2n − 1) we will get,
Π˜MN(n−1) = 0, E˜M(n−1) =
n−1∑
r=0
(
n−1
r
)
ω˜ǫ(r)l
M
(r), Υ˜
M
(n−1) =
n−1∑
r=0
(
n−1
r
)
ω˜q(r)l
M
(r), (3.14)
and in even number of dimensions (d = 2n),
Π˜MN(n) = −PMN
n∑
r=0
(
n
r
)
ζ˜(r)l(r) −
n−1∑
r=0
(
n−1
r
)
η˜(r)l
R(M
(r) σ
N)
R,
E˜M(n) =
n−1∑
r=0
(
n−1
r
)
lMN(r)
[
λ˜ǫ̟(r)∂N̟ + λ˜ǫν(r)∂Nν + κ˜ǫ(r)∂Nϑ+ σ˜ǫ(r)
(FNRuR − ϑ∂Nν)] ,
Υ˜M(n) =
n−1∑
r=0
(
n−1
r
)
lMN(r)
[
λ˜q̟(r)∂N̟ + λ˜qν(r)∂Nν + κ˜q(r)∂Nϑ+ σ˜q(r)
(FNRuR − ϑ∂Nν)] .
(3.15)
Similarly we can work out constitutive relations to arbitrary high derivative orders, but in
this work we will not be interested in those.
3.3.1 Constraints through Equilibrium Partition Function
The constitutive relations in described above are constrained by the requirement of existence
of an equilibrium partition function. The statement is that at equilibrium, any null theory
must be determined by the most generic partition function made out of background fields
discussed in § 2.2. We have already seen that at ideal order, equilibrium partition function
gives thermodynamic meaning to various functions. Even at further order in derivatives, equi-
librium partition function turns out to be very useful to (partially) determine the constitutive
relations. It gives constraints on various transport coefficients, and tells us which of them are
physical. We along with many people in past have used this approach to find transport of a
relativistic fluid. Here we attempt to outline a similar procedure for null fluid up to leading
order in derivatives.
Leading Order Parity Even Sector: Leading order parity even sector contains one
derivative corrections to ideal fluid dynamics. Using table (1), we see that at equilibrium
only terms coupling to λ’s survive in frame invariants eqn. (3.13),
Πij
o(1) = 0, E io(1) = λoǫ̟∇i̟o + λoǫν∇iνo, Υio(1) = λoq̟∇i̟o + λoqν∇iνo. (3.16)
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On the other hand there are no one-derivative scalars at equilibrium to construct partition
function. Hence all the coefficients appearing above must vanish,
λǫ̟ = λǫν = λq̟ = λqν = 0. (3.17)
Since equilibrium partition function is identically zero, none of the fluid variables get order
one even correction out of equilibrium (in mass frame).
Leading Order Parity Odd Sector (for d = 2n − 1): In odd dimensions, d = 2n − 1,
the first parity odd contributions show up at (n− 1)-derivative order. At equilibrium all the
parity-odd terms survive in constitutive relations eqn. (3.14). On the other hand there are no
gauge invariant scalars to construct equilibrium partition function, and it gets contributions
only from the Chern-Simons piece (cf. § 2.2.1). Consequently we get constitutive relations in
equilibrium frame,
E˜
i
o(n−1) = ϑ
2
on
n−1∑
r=0
(
n−1
r
)
lio(r)
(
C1,(r) −̟oC2,(r) − νoC2,(r+1)
)
,
R˜
i
o(n−1) = −ϑon
n−1∑
r=0
(
n−1
r
)
lio(r)C2,(r),
J˜
i
o(n−1) = −ϑon
n−1∑
r=0
(
n−1
r
)
lio(r)C2,(r+1), (3.18)
and rest all zero. Here C1,(r), C2,(r) are constants introduced in § 2.2.1. Performing a hy-
drodynamic frame transformation, we can get the transport coefficients introduced in frame
invariants eqn. (3.14) as,
ω˜ǫ(r) = ϑn
(
ϑC1,(r) +
E + P − ϑ̟R
R
C2,(r) − ϑνC2,(r+1)
)
,
ω˜q(r) = ϑn
(
Q
R
C2,(r) − C2,(r+1)
)
. (3.19)
We see that both (set of) transport coefficients are completely determined upto some con-
stants. Outside equilibrium, fluid velocity gets a correction (in mass frame) given by:
∆˜(n−1)ui = −ϑon
Ro
n−1∑
r=0
(
n−1
r
)
lio(r)C2,(r). (3.20)
Corrections to other components of velocity can be determined by this using normalization
conditions. Other fluid variables do not get any leading order odd correction.
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Leading Order Parity Odd Sector (for d = 2n): Contrary to the last case studied, in
even dimensions d = 2n, the first parity odd contributions show up at n-derivative order.
In even number of dimensions, only terms coupling to λ˜’s and ζ˜ survive in frame invariants
eqn. (3.15),
Π˜ij
o(n) = −gij
n∑
r=0
(
n
r
)
ζ˜o(r)lo(r),
E˜ io(n) =
n−1∑
r=0
(
n−1
r
)
lij
o(r)
[
λ˜oǫ̟(r)∂j̟ + λ˜oǫν(r)∂jν
]
,
Υ˜io(n) =
n−1∑
r=0
(
n−1
r
)
lij
o(r)
[
λ˜oq̟(r)∂j̟ + λ˜oqν(r)∂jν
]
. (3.21)
On the other hand using data in table (1), we can write the equilibrium partition function
as,
W eqb = −
∫
M(d)
n∑
r=0
(
n
r
) n−r∑
s=0
(
n−r
s
)So(r,s)(dA)∧r ∧ (dB)∧s ∧ (ϑ˜da)∧(n−r−s). (3.22)
Varying this partition function on-shell, we can compute the constitutive relations in equilib-
rium frame,
Po = 0, Tijo = 0,
Eo = −ϑ2o
n∑
r=0
(
n
r
) ∂
∂ϑo
So2,(r)lo(r), Ro = −
n∑
r=0
(
n
r
) ∂
∂̟o
So2,(r)lo(r), Qo = −
n∑
r=0
(
n
r
) ∂
∂νo
So2,(r)lo(r),
E
i
o = ϑ
2
on
n−1∑
r=0
(
n−1
r
)
lij
o(r)
(
∂jSo1,(r) −̟o∂jSo2,(r) − νo∂jSo2,(r+1)
)
R
i
o = −ϑon
n−1∑
r=0
(
n−1
r
)
lij
o(r)∂jSo2,(r) Jio = −ϑon
n−1∑
r=0
(
n−1
r
)
lij
o(r)∂jSo2,(r+1), (3.23)
where S1,(r) = S(r,n−r−2), S2,(r) = S(r,n−r−1). Transforming these to mass frame, one can
compute the transport coefficients appearing in eqn. (3.21),
ζ˜(r) = −
[
ϑ2
∂P
∂E
∂
∂ϑ
+
∂P
∂R
∂
∂̟
+
∂P
∂Q
∂
∂ν
]
S2,(r),
λ˜ǫ̟(r) = ϑn
[
ϑ
∂
∂̟
S1,(r) +
E + P − ϑ̟R
R
∂
∂̟
S2,(r) − ϑν
∂
∂̟
S2,(r+1)
]
,
λ˜ǫν(r) = ϑn
[
ϑ
∂
∂ν
S1,(r) +
E + P − ϑ̟R
R
∂
∂ν
S2,(r) − ϑν
∂
∂ν
S2,(r+1)
]
,
λ˜q̟(r) = ϑn
[
Q
R
∂
∂̟
S2,(r) −
∂
∂̟
S2,(r+1)
]
,
λ˜qν(r) = ϑn
[
Q
R
∂
∂ν
S2,(r) −
∂
∂ν
S2,(r+1)
]
. (3.24)
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We see that 5 (set of) transport coefficients ζ˜(r), λ˜ǫ̟(r), λ˜ǫν(r), λ˜q̟(r), λ˜qν(r) are determined
in terms of 2 (set of) functions S1,(r), S2,(r). Corrections to fluid variables outside equilibrium
in mass frame are given as,
∆˜(n)ϑ = −
n∑
r=0
(
n
r
)
lo(r)
[
ϑ2o
∂ϑo
∂Eo
∂
∂ϑo
+
∂ϑo
∂Ro
∂
∂̟o
+
∂ϑo
∂Qo
∂
∂νo
]
So2,(r),
∆˜(n)̟ = −
n∑
r=0
(
n
r
)
lo(r)
[
ϑ2o
∂̟o
∂Eo
∂
∂ϑo
+
∂̟o
∂Ro
∂
∂̟o
+
∂̟o
∂Qo
∂
∂νo
]
So2,(r),
∆˜(n)ν = −
n∑
r=0
(
n
r
)
lo(r)
[
ϑ2o
∂νo
∂Eo
∂
∂ϑo
+
∂νo
∂Ro
∂
∂̟o
+
∂νo
∂Qo
∂
∂νo
]
So2,(r),
∆˜(n)ui = − ϑo
Ro
n
n−1∑
r=0
(
n−1
r
)
lij
o(r)∂jSo2,(r). (3.25)
3.3.2 Constraints through Entropy Current
As we have said, the second law of thermodynamics for null fluid implies the existence of an
entropy current with non-negative divergence. From our experience of usual relativistic fluids,
we expect second law requirement to give all the constraints we found through equilibrium
partition function, and more. However as we shall see, we will not get all the partition
function constraints through entropy current. This can be accounted to the fact that in
this computation we will miss constraints coupling to H = dV , which is set to zero by
requirement of manifold being torsionless. Since this condition can be violated off-shell,
equilibrium partition function can however ‘see’ these constraints. In appendix (A) we will
turn on minimal amount of torsion to allow non-zero H, and will verify that we get all the
partition function constraints through entropy current analysis as well. Here we perform
torsionless computation to leading derivative order.
Leading Order Parity Even Sector: At leading even order, no terms can be introduced
in ΥMs without having pure derivative terms in the divergence, hence, J
M
s = J
M
s(can) whose
divergence using eqns. (3.12) and (3.13) is given as,
ϑ∇MJMs = −
1
ϑ
PMN (λǫ̟∂N̟ + λǫν∂Nν) ∂Mϑ+P
MN (λǫ̟∂N̟ + λǫν∂Nν)
(FMRuR − ϑ∂Mν)
− 1
ϑ
(σǫ − ϑκq)
(FNRuR − ϑ∂Nν)PNM∂Mϑ
− 1
ϑ
κǫP
MN∂Mϑ∂Nϑ+σqP
MN
(FMRuR − ϑ∂Mν) (FNRuR − ϑ∂Nν)+ 1
2
ησMNσMN + ζΘ
2.
(3.26)
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Demanding ∇MJMs ≥ 0, from the first line we get all the equilibrium partition function
constraints eqn. (3.17), and in addition from last two lines,
η, ζ, σq ≥ 0, κǫ ≤ 0, σǫ = ϑκq. (3.27)
Leading Order Parity Odd Sector (for d = 2n−1): In parity odd sector however, there
are terms we can write in ΥMs which have composite divergence. We first consider the odd
dimensional case for which we will get11,
ΥMs =
n−1∑
r=0
[
n
(
n−1
r
)
ω˜s(r)l
M
(r) −
(
n
r+1
)
C2,(r+1) ⋆
[
Aˆ ∧ u ∧ Fˆ∧r ∧ Ωˆ∧(n−r−1)
]M]
. (3.28)
Here AˆM = AM + ϑνVM , uˆM = uM + ϑ̟VM and FˆMN , ΩˆMN are their field strengths. C2(r)
is a constant. One can check that no other terms are allowed. Note that since entropy current
is not a direct observable, only its divergence is, we are allowed to include gauge non-invariant
terms in ΥMs as long as the divergence is gauge invariant. Computing divergence of eqn. (3.28)
we can obtain,
−∇MΥMs = lM(0)n
[−∂M ω˜s(0) +C2,(1)ν∂Mϑ−C2,(1) (FMNuN − ϑ∂Mν)]
+
n−1∑
r=1
(
n−1
r
)
lM(r)n
[
−∇M ω˜s(r) −
(
E + P − ϑ̟R
R
C2,(r) − ϑνC2,(r+1)
)
1
ϑ
∂Mϑ
+
(
Q
R
C2,(r) − C2,(r+1)
)(FMNuN − ϑ∂Mν)
]
. (3.29)
On the other hand divergence of canonical entropy current through eqns. (3.12) and (3.14) is
given as,
ϑ∇MJMs(can) =
n−1∑
r=0
(
n−1
r
)
lM(r)
[
−ω˜ǫ(r)
1
ϑ
∂Mϑ+ ω˜q(r)
(FMNuN − ϑ∂Mν)
]
. (3.30)
Combining the two pieces and demanding ∇MJMs ≥ 0, we find a consistency condition in
entropy current that ω˜s(r) = ω˜s(r)(ϑ) must not be a function of ̟, ν. From here parity odd
transport coefficients in eqn. (3.13) are determined to be,
ω˜ǫ(0) = ϑn
(
ϑC1,(0) − ϑνC2,(1)
)
, ω˜q(0) = −ϑnC2,(1), (3.31)
and for r 6= 0,
ω˜ǫ(r) = ϑn
(
ϑC1,(r) +
E + P − ϑ̟R
R
C2,(r) − ϑνC2,(r+1)
)
,
ω˜q(r) = ϑn
(
Q
R
C2,(r) − C2,(r+1)
)
, (3.32)
11The C’s in this expression are arbitrary, and a priori have no connection to the C’s introduced in previous
sections. However, as is suggested by the notation, both will eventually turn out to be the same quantities in
constitutive relations. Also, the entropy current need not be gauge invariant.
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where C1,(r) =
d
dϑ ω˜s(r)(ϑ) is an arbitrary function of ϑ. Compared to equilibrium partition
function constraints eqn. (3.19), we have one additional constraint,
C2,(0) = 0, (3.33)
and one less constraint: C1,(r) is not a constant but a function of ϑ. In appendix (A) we
show that on introducing torsion, entropy current positivity will indeed set C1,(r) to be a
constant.
Leading Order Parity Odd Sector (for d = 2n): Now we perform a similar analysis for
even dimensional parity odd sector. Similar to odd dimensional case, here also we can have
terms in ΥMs whose divergence does not have any pure derivative terms
12,
ΥMs =
n∑
r=0
(
n
r
)S2,(r) ⋆ [u ∧ Fˆ∧r ∧ Ωˆ∧(n−r)]M
+
n−1∑
r=0
(
n−1
r
)
lMN(r)
[
λ˜s̟(r)∂N̟ + λ˜sν(r)∂Nν + κ˜s(r)∂Nϑ
]
. (3.34)
One can check that any other term if included, will give pure derivative terms in divergence.
Divergence of this object can be computed fairly easily to be,
∇MΥMs = Θ
n∑
r=0
(
n
r
)
l(r)
[
ϑ
∂P
∂E
∂
∂ϑ
+
1
ϑ
∂P
∂R
∂
∂̟
+
1
ϑ
∂P
∂Q
∂
∂ν
]
S2,(r)
+
n−1∑
r=0
(
n−1
r
)
lMN(r)
[(
∂
∂ϑ
λ˜s̟(r) −
∂
∂̟
κ˜s(r) + n
E + P − ϑ̟R
ϑR
∂
∂̟
S2,(r) − nν
∂
∂̟
S2,(r+1)
)
∂Mϑ∂N̟
+
(
∂
∂ϑ
λ˜sν(r) −
∂
∂ν
κ˜s(r) + n
E + P − ϑ̟R
ϑR
∂
∂ν
S2,(r) − nν
∂
∂ν
S2,(r+1)
)
∂Mϑ∂Nν
+
(
∂
∂ν
λ˜s̟(r) −
∂
∂̟
λ˜sν(r)
)
∂Mν∂N̟ + n
(
Q
R
∂MS2,(r) − ∂MS2,(r+1)
)(FNRuR − ϑ∂Nν)
]
.
(3.35)
On the other hand divergence of canonical entropy current through eqns. (3.12) and (3.15)
is,
− ϑ∇MJMs(can) = −Θ
n∑
r=0
(
n
r
)
ζ˜(r)l(r) +
n−1∑
r=0
(
n−1
r
)
lMN(r)
[
λ˜ǫ̟(r)
1
ϑ
∂Mϑ∂N̟ + λ˜ǫν(r)
1
ϑ
∂Mϑ∂Nν
]
+
n−1∑
r=0
(
n−1
r
)
lMN(r)
[
λ˜q̟(r)∂M̟ + λ˜qν(r)∂Mν +
(
ϑκ˜q(r) + σ˜ǫ(r)
) 1
ϑ
∂Mϑ
] (FNRuR − ϑ∂Nν) .
(3.36)
12The S ’s in this expression are arbitrary, and a priori have no connection to the S ’s introduced in previous
sections. However, as is suggested by the notation, both will eventually turn out to be the same quantities in
constitutive relations.
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Combining the two pieces and demanding ∇MJMs ≥ 0, we get a consistency condition on
entropy current,
∂
∂ν
λ˜s̟(r) =
∂
∂̟
λ˜sν(r), (3.37)
whose most generic solution is,
λs̟(r,s) =
∂
∂̟
f1(ϑ,̟, ν), λsν(r,s) =
∂
∂ν
f1(ϑ,̟, ν) +
∂
∂ν
f2(ϑ, ν), (3.38)
for some functions f1(ϑ,̟, ν), f2(ϑ, ν). We define,
nS1,(r) = −κ˜s(r) +
∂
∂ϑ
f1. (3.39)
Expressed in these variables, one can check that entropy current positivity gives all the par-
tition function constraints eqn. (3.24), except the expression for λ˜ǫν(r) modifies to,
λ˜ǫν(r) = ϑn
[
ϑ
∂2
∂ν∂ϑ
f2(ϑ, ν) + ϑ
∂
∂ν
S1,(r) +
E + P − ϑ̟R
R
∂
∂ν
S2,(r) − ϑν
∂
∂ν
S2,(r+1)
]
, (3.40)
and in addition we get,
κ˜q(r) +
1
ϑ
σ˜ǫ(r) = ϑn
[
Q
R
∂
∂ϑ
S2,(r) −
∂
∂ϑ
S2,(r+1)
]
. (3.41)
Like even dimensional case, we again see that we get an additional constraint through en-
tropy current, but one constraint turns out to be weaker. Equilibrium partition function
sets ∂
2
∂ν∂ϑ
f2(ϑ, ν) = 0 which entropy current fails to do. In appendix (A) we will show that
introducing torsion remedies this situation.
3.4 Recap
In this section we summarize the results for leading derivative order null fluid in mass frame,
taking into account constraints from equilibrium partition function and second law of ther-
modynamics. The constitutive relations for null fluid are given in terms of fluid variables ϑ,
̟, ν, uM ,
TMN = RuMuN + 2Eu(MV N) + PPMN + 2E(MV N) +ΠMN ,
JM = QuM +ΥM , (3.42)
where P,R,E,Q are thermodynamic pressure, mass density, energy density and charge den-
sity expressed as functions of ϑ, ̟, ν. These constitutive relations follow the conservation
laws,
∇MTMN = FNMJM , ∇MJM = 0. (3.43)
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In odd number of dimensions (d = 2n− 1), the form of hydrodynamic frame invariant correc-
tions ΠMN , EM , ΥM to leading order in derivatives are given as,
ΠMN = −ησMN − PMNζΘ,
EM = κǫPMN∂Nϑ+ ϑκqPMN
(FNRuR − ϑ∂Nν)+ n−1∑
r=0
(
n−1
r
)
ω˜ǫ(r)l
M
(r),
ΥM = κqP
MN∂Nϑ+ σqP
MN
(FNRuR − ϑ∂Nν)+ n−1∑
r=0
(
n−1
r
)
ω˜q(r)l
M
(r), (3.44)
where transport coefficients η (shear viscosity), ζ (bulk viscosity), σq (electric conductivity)
are some non-negative, κǫ (thermal conductivity) is a non-positive and κq (thermo-electric
coefficient) is an arbitrary function of ϑ, ̟, ν. Parity-odd transport coefficients (Hall con-
ductivities) are however completely determined upto some constants as,
ω˜ǫ(r) = ϑn
(
ϑC1,(r) +
E + P − ϑ̟R
R
C2,(r) − ϑνC2,(r+1)
)
,
ω˜q(r) = ϑn
(
Q
R
C2,(r) − C2,(r+1)
)
. (3.45)
where C’s are some arbitrary constants, and C2,(0) = 0. In even number of dimensions
(d = 2n) however the corrections are given as,
ΠMN = −ησMN −
n−1∑
r=0
(
n−1
r
)
η˜(r)l
R(M
(r) σ
N)
R − PMN
(
ζΘ+
n∑
r=0
(
n
r
)
ζ˜(r)l(r)
)
,
EM =
(
PMNκǫ +
n−1∑
r=0
(
n−1
r
)
lMN(r) κ˜ǫ(r)
)
∂Nϑ+ ϑ
(
PMNκq −
n−1∑
r=0
(
n−1
r
)
lMN(r) κ˜q(r)
)(FNRuR − ϑ∂Nν)
+ ϑn
n−1∑
r=0
(
n−1
r
)
lMN(r)
(
ϑ∂NS1,(r) +
E + P − ϑ̟R
R
∂NS2,(r) − ϑν∂NS2,(r+1)
)
,
ΥM =
(
PMNκq +
n−1∑
r=0
(
n−1
r
)
lMN(r) κ˜q(r)
)
∂Nϑ+
(
σqP
MN +
n−1∑
r=0
(
n−1
r
)
lMN(r) σ˜q(r)
)(FNRuR − ϑ∂Nν)
+ ϑn
n−1∑
r=0
(
n−1
r
)
lMN(r)
(
Q
R
∂NS2,(r) − ∂NS2,(r+1)
)
, (3.46)
where we have made following redefinitions with respect to eqn. (3.15),
κ˜ǫ(r) → κ˜ǫ(r) + ϑn
[
ϑ
∂
∂ϑ
S1,(r) +
E + P − ϑ̟R
R
∂
∂ϑ
S2,(r) − ϑν
∂
∂ϑ
S2,(r+1)
]
,
κ˜q(r) → κ˜q(r) + ϑn
[
Q
R
∂
∂ϑ
S2,(r) −
∂
∂ϑ
S2,(r+1)
]
. (3.47)
The transport coefficients in parity even sector are same as before; however parity-odd trans-
port coefficients η˜(r) (Hall viscosity), κ˜ǫ(r) (thermal Hall conductivity), κ˜q(r) (thermo-electric
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Hall coefficient), σ˜q(r) (electric Hall conductivity), S1,(r) and S2,(r) are some arbitrary func-
tions of ϑ,̟, ν. Finally ζ˜(r) is determined as,
ζ˜(r) = −
[
ϑ2
∂P
∂E
∂
∂ϑ
+
∂P
∂R
∂
∂̟
+
∂P
∂Q
∂
∂ν
]
S2,(r). (3.48)
All the constitutive relations satisfy the physical requirements of existence of an equilibrium
partition function and entropy current. To leading order in derivatives they are given as, in
odd number of dimensions (d = 2n − 1),
W eqb =
∫ {
dxi
}√
g
[
1
ϑo
Po −
n−1∑
r=0
lio(r)
{
n
(
n−1
r
)
C1,(r)ϑ˜ai +
(
n
r+1
)
C2,(r+1)Ai
}]
,
JMs = J
M
s(can) +
n−1∑
r=0
⋆
[{
n
(
n−1
r
)
C1,(r)ϑV −
(
n
r+1
)
C2,(r+1)Aˆ
}
∧ u ∧ Fˆ∧r ∧ Ωˆ∧(n−r−1)
]M
,
(3.49)
and in even number of dimensions (d = 2n),
W eqb =
∫ {
dxi
}√
g
[
1
ϑo
Po − n
n−1∑
r=0
(
n−1
r
)
lij
o(r)So1,(r)ϑ˜∂iaj −
n∑
r=0
(
n
r
)
lo(r)So2(r)
]
,
JMs = J
M
s(can) + ⋆
[{
n
n−1∑
r=0
(
n−1
r
)S1,(r)V ∧ dϑ+ n∑
r=0
(
n
r
)S2,(r)Ωˆ
}
∧ u ∧ Fˆ∧r ∧ Ωˆ∧(n−r−1)
]M
.
(3.50)
While writing entropy current from eqn. (3.34), some total derivative terms have been dropped,
as they will have zero divergence. We have included the additional constraints coming from
entropy current analysis while writing the partition function and vice versa. This finishes the
discussion of null fluid upto leading order in derivatives in arbitrary number of dimensions.
Next we turn on to study the light cone reduction and how to get Galilean fluids via reduction
of a null fluid.
4 Light Cone Reduction
We want to study a Galilean system in (d + 1) dimensions. So we essentially want to com-
pactify the V direction as M(d+2) = S1V ×M(d+1). But, V is null, and thus is transverse to
itself, so it is not possible make such decomposition uniquely. It is therefore convenient to
introduce another vector field (we call time field) T = TM∂M , which can be used to define a
unique decomposition M(d+2) = S1V ×R1T ×MT(d) whereM(d) is the set of vectors transverse
to both V and T . The time field T provides a reference frame for compactified Galilean
theory. We formally define light cone reduction as this choice of frame and subsequent com-
pactification.
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Using T we can define another null field orthonormal to V ,
V¯ M(T ) = −
1
TNVN
(
TM − TRT
R
2T SVS
VM
)
, (4.1)
which satisfies V¯M(T )V¯(T )M = 0, V¯
M
(T )VM = −1, and a projection operator transverse to V and
V¯ ,
PMN(T ) = G
MN + 2V¯
(M
(T ) V
N), MT(d) =
{
PMN(T ) ψN : ψ
N ∈M(d+2)
}
. (4.2)
Since the choice of T is arbitrary and does not have any physical significance, null theories
are invariant under an arbitrary redefinition of T → T ′, which we parametrize as,
TM → T ′M = a [TM − TNVNψM] , (4.3)
where ψMVM = 0 and a ∈ R. One can check that inverse transformation is simply a →
1/a, and ψM → −ψM . Our funny parametrization has a benefit that under T redefinition,
transformation of V¯M(T ) and P
MN
(T ) only depends on ψ¯
M = PMN(T ) ψN ,
V¯ M(T ) → V¯M(T ) + ψ¯M +
1
2
ψ¯2VM , PMN(T ) → PMN(T ) + 2V (M ψ¯N) + ψ¯2VMV N , (4.4)
where ψ¯2 = PMN(T ) ψMψN . So our light cone reduced theory is described on a compactified
null background M(d+2) with isometry ψV =
{
VM ,Λ(V )
}
, and a time field TM , modded by
diffeomorphisms, gauge transformation and T redefinition. In light cone reduction approach
however, we need not worry too much about T redefinition. Since the original theory on
null background did not depend on T , so the reduced theory will also be invariant under its
redefinition automatically.
4.1 Newton-Cartan Backgrounds by Light Cone Reduction
It is easy to see how the Newton-Cartan structure comes out by light cone reduction. We
identify MNC(d+1) = R1T ×MT(d) as the degenerate Newton-Cartan (NC) manifold. Without
loss of generality we can choose a basis xM = {x−, xµ} in the original manifold M(d+2) such
that ψV = {V = ∂−,Λ(V ) = 0}. xµ will then provide a basis on NC manifold MNC(d+1). This
mechanism to generate NC manifold via null reduction was first found in [12] and has been
further developed in [6, 13].
Reduction of Background Fields: We can decompose background fields according to
this choice of basis as,
VM =
(
1
0
)
, VM =
(
0
−nµ
)
, V¯ M(T ) =
(
vµBµ
vµ
)
, V¯(T )M =
(
−1
Bµ
)
, (4.5)
– 25 –
P(T )MN =
(
0 0
0 pµν
)
, PMN(T ) =
(
pνρBνBρ pµνBν
pµνBν pµν
)
, (4.6)
such that
nµv
µ = 1, vµpµν = 0, nµp
µν = 0, pµρp
ρν + nµv
ν = δ νµ . (4.7)
This is the well known Newton-Cartan structure. The T -redefinition invariance introduced
above becomes Milne boosts on NC manifold,
vµ → vµ + ψ¯µ, Bµ → Bµ + ψ¯µ − 1
2
nµψ¯
2, pµν → pµν − 2n(µψ¯ν) + nµnνψ¯2. (4.8)
from where we can identify vµ as NC frame velocity. Similarly the Levi-Civita connection
ΓRMS can be reduced in NC basis as,
Γλµν = v
λ∂(µnν) +
1
2
pλρ (∂µpρν + ∂νpρµ − ∂ρpµν) + Ω(T )σ(νnν)pσλ,
Γ−µν = pλ(µ
∇ν)vλ − ∇(µBν). (4.9)
and all other components zero. Here we have identified Γλµν as Newton-Cartan connection
and denoted respective covariant derivative by ∇µ. In eqn. (4.9) we have treated derivative
of frame velocity ∇µvν as an independent variable, and have defined frame vorticity in terms
of it as Ω(T )µν = 2pσ[ν
∇µ]vσ. The covariant derivative can be checked to act on NC structure
appropriately,
∇µnν = 0, ∇µpρσ = 0, ∇µpνρ = −2n(νpρ)σ ∇µvσ. (4.10)
We define the spatial volume element on NC manifold as,
εµν... = ǫMNµν...VM V¯(T )N = −ǫ−ρµν...nρ, εµν... = pµρpνσ . . . ερσ.... (4.11)
and ∗ as the Hodge duality operation associated with it. The notations and conventions on
differential forms can be found in appendix (D). Finally the only surviving components of
gauge field strength are Fµν , which can be identified as NC gauge field strength. We can
further decompose Fµν and Ω(T )µν into,
Fµν = 2e[µnν] + βµν , Ω(T )µν = −2α(T )[µnν] + ω(T )µν . (4.12)
All the introduced tensors are transverse to vµ. Here eµ is the electric field while βµν is the
dual magnetic field defined with respect to frame T . Similarly α(T )µ is frame acceleration and
ω(T )µν is spatial frame vorticity. We can similarly define the fluid acceleration and vorticity
as well, which will be used later in § 5.
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Reduction of Currents: We decompose the currents of null theory on M(d+2) = S1V ×
R1T ×MT(d) as,
TMN = ρV¯M(T )V¯
N
(T ) + 2ǫtotV
(M V¯
N)
(T ) + 2j
(M
ρ V¯
N)
(T ) + 2j
(M
ǫ V
N) + tMN + θ1V
MV N ,
JM = qV¯M(T ) + j
M
q + θ2V
M . (4.13)
All the introduced tensors are projected along PMN . Note that redefinitions eqn. (2.8) can
be used to get rid of θ terms. Choosing Newton-Cartan basis we identify, tµν as stress-energy
tensor, ρ, jµρ as mass density and current, ǫtot, j
µ
ǫ as energy density and current, and q, j
µ
q as
charge density and current, as seen by frame T . Under a finite T redefinition eqn. (4.3) they
transform as,
ρ→ ρ, jµρ → jµρ − ρψ¯µ, tµν → tµν − 2j(µρ ψ¯ν) + ρψ¯µψ¯ν ,
ǫtot → ǫtot − jµρ ψ¯µ +
1
2
ρψ¯2, jµǫ →
(
jµǫ − ǫtotψ¯µ
)− (tµν − ψ¯µjνρ ) ψ¯ν + 12 ψ¯2 (jµρ − ρψ¯µ) ,
q → q, jµq → jµq − qψ¯µ. (4.14)
Note that we have used the same time field (reference frame) to decompose currents/densities
as well as background fields. It is sometimes required to define background in one reference
frame (e.g. lab frame) but currents and densities in some other reference frame (e.g. co-
moving frame). One can merely perform a T redefinition on various quantities noted above
and gain the desired result.
Reduction of Ward Identities: On the decomposition M(d+2) = S1V × R1T × MT(d),
background field content is VM , V¯(T )M , P(T )MN and AM , so any physical theory should
be described by a partition function W [VM , V¯(T )M , P(T )MN , AM ]. Using the current redefini-
tions eqn. (2.7) for null backgrounds, we can parametrize the variation of partition function
as,
δW =
∫ {
dxM
}√−G [(ǫtotV¯M(T ) + jMǫ ) δVM + (ρV¯M(T ) + jMρ ) δV¯(T )M
+
(
pM V¯ N(T ) +
1
2
tMN
)
δP(T )MN +
(
qV¯M(T ) + j
M
q
)
δAM
]
. (4.15)
The same partition function should also be gained by directly reducing the relativistic parti-
tion function eqn. (2.4). This will render the quantities in above partition function to be same
as the ones defined in eqn. (4.13), and in addition pM = jMρ . The latter constraint is Ward
identity of T redefinition, i.e. can be gained by demanding partition function eqn. (4.15) to
be invariant under T redefinition.
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Choosing NC basis the partition function variation eqn. (4.15) can be decomposed to,
δW =
∫ {
dxM
}√
det(pµν + nµnν)
[
− (ǫtotvµ + jµǫ ) δnµ +
(
ρvµ + jµρ
)
δBµ
+
(
pµvν +
1
2
tµν
)
δpµν +
(
qvµ + jµq
)
δAµ
]
. (4.16)
Symmetry data of the light cone reduced theory is,
ψNCξ =
{
ξ−, ξ− = −nµξµ, ξ¯µ = pµνξν ,Λ(ξ), ψ¯µ = pµνψν
}
, (4.17)
where we identify ξ− as mass parameter, ξ− as time translation parameter, ξ¯
µ as space
translation parameter, Λ(ξ) as gauge parameter, and ψ¯
µ as Milne boost parameter. The
respective Ward identities can be found using eqn. (4.16) or directly reducing the null Ward
identities eqn. (2.5),
Mass Conservation: ∇µ
(
ρvµ + jµρ
)
= 0,
Energy Conservation: ∇µ (ǫtotvµ + jµǫ ) = eµjµq − (vµpν + tµν) ∇µvν ,
Momentum Conservation: ∇µ (vµpν + tµν) =
[
qeν + βνµj
µ
q
]− (ρvµ + jµρ ) ∇µvν ,
Charge Conservation: ∇µ
(
qvµ + jµq
)
= 0,
Milne Identity: jµρ = p
µ. (4.18)
First terms in the RHS of energy and momentum conservation equations are work done
and Lorentz force due to electromagnetic fields, while the last terms are pseudo-energy and
pseudo-force due to spacetime dependence of the frame velocity. As we already mentioned,
the Milne identity is trivial in theories obtained by reduction.
All these results here have been mentioned in Newton-Cartan notation, which is a nice covari-
ant formalism for Galilean physics. However for familiarity and to build intuition, we have
given all these results in conventional non-covariant notation as well in appendix (B).
4.2 Equilibrium on Newton-Cartan Backgrounds
From the perspective of Galilean theories, equilibrium is defined by a preferred reference frame
(or time field) K with respect to which system does not evolve in time. This can be achieved
by reducing null theories at equilibrium, and identify the timelike isometry ψK with preferred
reference frame in the Galilean theory. Hence the variation of eqb. partition function in local
rest of reference frame K is essentially same as the null fluid eqn. (2.14) written in terms of
Galilean quantities,
δW eqb =
∫ {
dxi
}√
g
[
ǫo
1
ϑ2o
δϑo +
(
− 1
ϑo
jioǫ +̟oj
i
oρ + νoj
i
oq
)
1
ϑo
ϑ˜δai
+
1
2ϑo
tijo δgij +
(
ρδ̟o +
1
ϑo
jioρδBi
)
+
(
qδνo +
1
ϑo
jioqδAi
)]
, (4.19)
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and hence,
ρo =
δW eqb
δ̟o
, jioρ = ϑo
δW eqb
δBi
, tijo = 2ϑo
δW eqb
δgij
, qo =
δW eqb
δνo
, jioq = ϑo
δW eqb
δAi
,
ǫo = ϑ
2
o
δW eqb
δϑo
, jioǫ −̟oϑojioρ − νoϑojioq = −ϑoeΦ
δW eqb
δai
. (4.20)
Here all the observables are defined as seen by reference frame K, and are denoted by a
subscript o. These will reduce to the expected relations eqn. (1.3) in flat space, i.e.,
ϑo = 1, gij = δij , ̟o = νo = Ai = Bi = ai = 0. (4.21)
Since we have fixed that T -redefinition symmetry by choosing a preferred reference frame K,
the corresponding EOM does not show up. Consequently momentum current pµ does not
appear in the partition function, and can be found by using the missed EOM. In equilibrium
configuration, null fluid and Galilean fluid have same field content and symmetries, so we
expect the eqb. partition function to also be the same. To ideal order eqn. (2.21) it will
identify ρ, ǫ, q with thermodynamic functions R,E,Q, and hence will give physical interpre-
tation to thermodynamics of null theories in terms of Galilean physics. In hydrodynamic
description, at further derivative orders also, it will give physical interpretation to various
transport coefficients and constraints of null fluid.
5 Galilean Hydrodynamics
Having discussed the light cone reduction of generic null theories in last section, we can
straight away perform light cone reduction of null fluids in § 3 and hope to get Galilean
fluids. If we look at eqn. (3.1) closely, it is already nicely organized in local rest frame of the
fluid (defined by V¯M = uM ). One just needs to apply a T -redefinition to it with ψM = −uM
to get densities and currents in a generic reference frame,
jµρ = p
µ = ρu¯µ + ςµρ , t
µν = ρu¯µu¯ν + Ppµν + πµν + 2u¯(µςν)ρ , j
µ
q = qu¯
µ + ςµq ,
ǫtot = ǫ+
1
2
ρu¯2 + ςµρ u¯µ, j
µ
ǫ = (ǫtot + P ) u¯
µ + ςµǫ + π
µν u¯ν +
1
2
ςµρ u¯
2, (5.1)
where we have identified,
ρ = R, q = Q, ǫ = E , u¯µ = uνp µν ,
ςµρ = R
µ, ςµq = J
µ, ςµǫ = E
µ, πµν = (P − P )pµν + Tµν , (5.2)
and u¯2 = u¯µu¯µ. Similarly entropy current of the Galilean fluid can be found to be,
s =
ǫ+ P
ϑ
−̟ρ− νq −Υs−, jµs = su¯µ +
1
ϑ
ςµǫ −̟ςµρ − νςµq +Υνsp µν , (5.3)
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which follows second law of thermodynamics
∇µ (svµ + jµs ) ≥ 0. (5.4)
Choosing ‘mass frame’ in the null fluid, which is the most natural frame from a non-relativistic
perspective, will switch off ςµρ = Rµ, and hence Galilean mass current will not undergo any
dissipation. The identifications for mass frame are given by eqn. (5.2) can be read out in
terms of frame invariants as,
ρ = R, q = Q, ǫ = E, s = S −Υs−, u¯µ = uνp µν ,
ςµρ = 0, ς
µ
q = Υ
µ, ςµǫ = Eµ, πµν = Πµν , (5.5)
and in turn constitutive relations become,
jµρ = p
µ = Ru¯µ, tµν = Ru¯µu¯ν + Ppµν + πµν , jµq = Qu¯
µ + ςµq ,
ǫˆtot = E +
1
2
Ru¯2, jµǫ =
(
E + P +
1
2
Ru¯2
)
u¯µ + ςµǫ + π
µν u¯ν ,
sˆ = S −Υs−, jµs = Su¯µ +
1
ϑ
ςµǫ − νςµq +Υνsp µν −Υs−u¯µ. (5.6)
These are the standard Galilean constitutive relations, written in Newton-Cartan basis. We
will present all these expressions in conventional non-covariant basis in appendix (B) for the
benefit of readers not comfortable with Newton-Cartan formalism.
Having obtained the general picture, we can now deduce constitutive relations for a Galilean
fluid upto leading order in derivative expansion, using the corresponding null fluid results in
§ 3.4. In table (2) we have mentioned light cone reduction of all the leading order data to
get Newton-Cartan data. Having done so, rest of the algebra is essentially trivial. In the
following we will work in mass frame exclusively.
Even Dimensional Galilean Fluids: Using reduction of data enlisted in table (2), we
can read out the even dimensional (d = 2n− 1) constitutive relations from § 3.4,
πµν = −ησµν − pµνζΘ,
ςµq = κqp
µν∂νϑ+ σqp
µν (Fνρuρ − ϑ∂νν) +
n−1∑
r=0
(
n−1
r
)
ω˜q(r)l
µ
(r),
ςµǫ = κǫp
µν∂νϑ+ ϑκqp
µν (Fνρuρ − ϑ∂νν) +
n−1∑
r=0
(
n−1
r
)
ω˜ǫ(r)l
µ
(r), (5.7)
where transport coefficients η (shear viscosity), ζ (bulk viscosity), σq (electric conductivity)
are some non-negative, κǫ (thermal conductivity) is a non-positive and κq (thermo-electric
– 30 –
Table 2: Leading Derivative Order Data for Galilean Fluid
Null Fluid Data Newton-Cartan Data
Parity Even
Θ ≡ ∇MuM Θ ≡ ∇µuµ
PMN∂Nϑ, P
MN∂N̟, P
MN∂Nν p
µν∂νϑ, p
µν∂ν̟, p
µν∂νν
PMN
(FNRuR − ϑ∂Nν) pµν (Fνρuρ − ϑ∂νν)
σMN ≡ 2PMRPNS∇(RuS) − 2dPMNΘ σµν ≡ 2pσ(µ ∇σuν) − 2dpµνΘ
Parity Odd – Odd Dimensions (d = 2n− 1)
lM(r)
∣∣n−1
r=0
≡ ⋆ [V ∧ u ∧F∧r ∧Ω∧(n−r−1)]M lµ(r)∣∣n−1r=0 ≡ ∗ [β∧r ∧ω∧(n−r−1)]µ
Parity Odd – Even Dimensions (d = 2n)
l(r)
∣∣n
r=0
≡ ⋆ [V ∧ u ∧F∧r ∧Ω∧(n−r)] l(r)∣∣nr=0 ≡ ∗ [β∧r ∧ω∧(n−r)]
lMN(r) ∂Nϑ, l
MN
(r) ∂N̟, l
MN
(r) ∂Nν l
µν
(r)∂νϑ, l
µν
(r)∂ν̟, l
µν
(r)∂νν
lMN(r)
(FNRuR − ϑ∂Nν) lµν(r) (Fνρuν − ϑ∂νν)
l
R(M
(r) σ
N)
R l
ρ(µ
(r) σ
ν)σpρσ
where,
lMN(r)
∣∣n−1
r=0
≡ ⋆ [V ∧ u ∧F∧r ∧Ω∧(n−r−1)]MN lµν(r)∣∣n−1r=0 ≡ ∗ [β∧r ∧ω∧(n−r−1)]µν
coefficient) is an arbitrary function of ϑ, ̟, ν. Parity-odd transport coefficients (Hall con-
ductivities) are however completely determined upto some constants as,
ω˜ǫ(r) = ϑn
(
ϑC1,(r) +
E + P − ϑ̟R
R
C2,(r) − ϑνC2,(r+1)
)
,
ω˜q(r) = ϑn
(
Q
R
C2,(r) − C2,(r+1)
)
, (5.8)
where C’s are some arbitrary constants, and C2,(0) = 0. As a special case one can obtain the
4 dimensional (d = 3) results which will only affect the parity odd sector,
πµν = −ησµν − pµνζΘ,
ςµq = κqp
µν∂νϑ+ σqp
µν (Fνρuρ − ϑ∂νν) + ω˜q(0)ωµ + ω˜q(1)Bµ,
ςµǫ = κǫp
µν∂νϑ+ ϑκqp
µν (Fνρuρ − ϑ∂νν) + ω˜ǫ(0)ωµ + ω˜ǫ(1)Bµ, (5.9)
where,
ωµ = lµ(0) =
1
2
ενρµωνρ, B
µ = lµ(1) =
1
2
ενρµβνρ, (5.10)
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are vorticity and gauge magnetic fields respectively, and,
ω˜ǫ(0) = 2ϑ
(
ϑC1,(0) − ϑνC2,(1)
)
, ω˜ǫ(1) = 2ϑ
(
ϑC1,(1) +
E + P − ϑ̟R
R
C2,(1) − ϑνC2,(2)
)
,
ω˜q(0) = −2ϑC2,(1), ω˜q(1) = 2ϑ
(
Q
R
C2,(1) − C2,(2)
)
. (5.11)
Odd Dimensional Galilean Fluids: Using reduction of data enlisted in table (2), we can
read out the odd dimensional (d = 2n) constitutive relations from § 3.4,
πµν = −ησµν −
n−1∑
r=0
(
n−1
r
)
η˜(r)l
ρ(µ
(r) σ
ν)σpρσ − pµν
(
ζΘ+
n∑
r=0
(
n
r
)
ζ˜(r)l(r)
)
,
ςµq =
(
pµνκq +
n−1∑
r=0
(
n−1
r
)
lµν(r)κ˜q(r)
)
∂νϑ+
(
pµνσq +
n−1∑
r=0
(
n−1
r
)
lµν(r)σ˜q(r)
)
(Fνρuρ − ϑ∂νν)
+ ϑn
n−1∑
r=0
(
n−1
r
)
lµν(r)
(
Q
R
∂νS2,(r) − ∂νS2,(r+1)
)
,
ςµǫ =
(
pµνκǫ +
n−1∑
r=0
(
n−1
r
)
lµν(r)κ˜ǫ(r)
)
∂νϑ+ ϑ
(
pµνκq −
n−1∑
r=0
(
n−1
r
)
lµν(r)κ˜q(r)
)
(Fνρuρ − ϑ∂νν)
+ ϑn
n−1∑
r=0
(
n−1
r
)
lµν(r)
(
ϑ∂νS1,(r) +
E + P − ϑ̟R
R
∂νS2,(r) − ϑν∂νS2,(r+1)
)
. (5.12)
The transport coefficients in parity even sector are same as before; however parity-odd trans-
port coefficients η˜(r) (Hall viscosity), κ˜ǫ(r) (thermal Hall conductivity), κ˜q(r) (thermo-electric
Hall coefficient), σ˜q(r) (electric Hall conductivity), S1,(r) and S2,(r) are some arbitrary func-
tions of ϑ,̟, ν. Finally ζ˜(r) is determined as,
ζ˜(r) = −
[
ϑ2
∂P
∂E
∂
∂ϑ
+
∂P
∂R
∂
∂̟
+
∂P
∂Q
∂
∂ν
]
S2,(r). (5.13)
As a special case we would like to write down the 3 dimensional results,
πµν = −ησµν − η˜ερ(µσν)σpρσ − pµν
(
ζΘ+ ζ˜ωω + ζ˜BB
)
,
ςµq = (p
µνκq + ε
µν κ˜q) ∂νϑ+ (p
µνσq + ε
µν σ˜q) (Fνρuρ − ϑ∂νν)
+ εµν
(
Q
R
ϑ∂νS2,(0) − ϑ∂νS2,(1)
)
,
ςµǫ = (p
µνκǫ + ε
µν κ˜ǫ) ∂νϑ+ ϑ (p
µνκq − εµν κ˜q) (Fνρuρ − ϑ∂νν)
+ ϑεµν
(
ϑ∂νS1,(0) +
E + P − ϑ̟R
R
∂νS2,(0) − ϑν∂νS2,(1)
)
, (5.14)
where,
ω = l(0) =
1
2
εµνωµν , B = l(1) =
1
2
εµνFµν , (5.15)
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are again the vorticity and gauge magnetic fields and we have renamed σ˜q = σ˜q(0), κ˜ǫ = κ˜ǫ(0),
κ˜q = κ˜q(0), η˜ = η˜(0), ζ˜ω = ζ˜(0), ζ˜B = ζ˜(1). The 3 dimensional Galilean fluid was also studied
by [2], however we find certain discrepancies in their and our results. A detailed comparison
has been provided in appendix (C).
Before closing this discussion we would like to note that [7] also constructed an equilibrium
partition function and entropy current for an uncharged 3 and 4 dimensional Galilean fluid,
and used it to constraint the respective constitutive relations. By switching off the charge
sector and setting d = 2, 3 we see that we trivially recover their results.
This finishes our discussion of (non-anomalous) constitutive relations of a Galilean fluid upto
leading order in derivatives in arbitrary number of dimensions, obtained by light cone reduc-
tion of a null fluid. Unlike the hydrodynamic reductions before this work [14, 15], there is no
non-trivial mapping between the relativistic (null) fluid and the Galilean fluid. In fact term
by term, null fluid constitutive relations are same as Galilean constitutive relations. Same is
true for thermodynamics, entropy current and the equilibrium partition function as well. We
deduce that we can see null fluid as Galilean fluid written in extended space representation.
Many aspects of it are already hinted by extended space construction of [2]. In next section
we extend this approach to study effect of U(1) anomaly on fluid transport.
6 Anomalies
Upto this point we have studied hydrodynamics on non-anomalous null/Galilean backgrounds.
In this section we want to explore if the null background construction can also be used
to introduce U(1) anomaly in Galilean theories13. Later we will find how constraints of
Galilean fluid modify in presence of anomalies. We use the anomaly inflow mechanism of
usual relativistic backgrounds to achieve this goal, with appropriate modifications due to the
null structure of the background.
Consider a bulk manifold B(d+3), on whose boundary M(d+2) our theory of interest, i.e.
null fluid lives. Indices on B(d+3) are denoted with a bar M¯, N¯ . . .. We define B(d+3) also
as a null background, with respective fields AM¯ , GM¯N¯ and a compatible null isometry14
ψV = {V = V M¯∂M¯ ,Λ(V ) = 0}, such that transverse components of all these fields vanish at
boundary. We can define respective fields on M(d+2) by pulling back the bulk fields, which
gives it a null background structure.
13Galilean anomalies considered in [18] are different than what we are considering in this paper, because our
background field content does not match that of [18] after reduction (we have chosen A− = 0). A detailed
comparison of these issues along with an extension to non-abelian and gravitational anomalies will shortly
appear in a companion paper [19].
14We would like to mention that this construction only seems to work when we set Λ(V ) = 0. We give more
reasoning in this regard in a companion paper.
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We start with the assumption that full theory on B(d+3) ∪M(d+2) described by a partition
function W is gauge invariant. Most generic such partition function can be decomposed into
a bulk and a boundary piece,
W =W [M(d+2)] +Wbulk[B(d+3)], (6.1)
which individually are not gauge invariant. Here W is the partition function of the boundary
null theory which is anomalous, i.e. is not gauge invariant. Wbulk on the other hand is a
pure bulk piece whose gauge variation must be a boundary term. While constructing Wbulk
out of background fields, we can let go of any terms which are gauge invariant upto a total
derivative (we can always redefine W to absorb this total derivative term at the boundary),
as they will not induce any anomalies in the boundary theory. Hence allowed Wbulk can be
written as integration of a full rank form,
Wbulk =
∫
B(d+3)
I(d+3), (6.2)
such that I(d+3) has an exact gauge variation δΛ(ξ)I
(d+3) = dG(ξ), and it must not be symme-
try invariant upto an exact form15. In usual relativistic theories, I(d+3) can only be written
in odd bulk dimensions (d = 2n − 2), and is given by the Chern-Simons form I(2n+1)CS ,
I
(2n+1)
CS = C
(2n)
A ∧F∧n. (6.3)
However for null backgrounds, this term identically vanishes, as it is a full rank form but
does not have any component along V . We are therefore forced to modify I(d+3), by adding
some term which has non-vanishing component along V . We do it by choosing an arbitrary
time-field T and use it to define a conjugate null field V¯(T ). Now we can define an analogue
of Chern-Simons form, but in even bulk dimensions (d = 2n− 1),
I(2n+2) = −C(2n)V¯ (T ) ∧A ∧F∧n. (6.4)
We need to check if it fits our requirements. We will leave it for the readers to convince
themselves that this expression cannot be transformed into a symmetry invariant term by
adding an exact form. For the other criteria we need to compute its gauge variation,
δΛ(ξ)I
(2n+2) = C(2n)dΛ(ξ)∧ V¯ (T ) ∧F∧n = d
(
C(2n)Λ(ξ)V¯ (T ) ∧F∧n
)
−C(2n)Λ(ξ)dV¯ (T ) ∧F∧n.
(6.5)
Last term vanishes as it has again no component along V , thus we verify that gauge variation
of I(2n+2) is a boundary term. It is important to note that while we have used V¯(T ) to define
I(2n+2), it is invariant under T -redefinition. One can check there does not exist any other
term which meets these criteria. Hence contrary to usual relativistic backgrounds, here we
can only define I(2n+2) in even bulk dimensions. It means that only odd dimensional null
backgrounds (the one at the boundary) and hence even dimensional Galilean backgrounds
(that we get by reducing the boundary null theory) can be anomalous, which is what we
expect.
15
I 6= I ′ + dX , for some gauge invariant I ′.
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6.1 Anomalous Ward Identities
In this section, we present the modified Ward identities in presence of U(1) anomaly. In
presence of anomalies, variation of boundary partition function W generates consistent cur-
rents TMNcons and J
M
cons which are not gauge invariant. Varying I
(2n+2) we can now write down
variation of the full partition function,
δW =
∫
B(2n+2)
(n+1)C(2n)δA∧V¯ (T )∧F∧n+
∫ {
dxM
}√
G
[
1
2
TMNδGMN + J
MδAM
]
, (6.6)
where we have defined the covariant currents,
TMN = TMNcons , J
M = JMcons + nC
(2n) ⋆
[
V¯ (T ) ∧A ∧F∧(n−1)
]M
. (6.7)
Since the full partition function is gauge invariant, and we see that the bulk piece is manifestly
gauge invariant, therefore covariant currents must also be gauge invariant. Demanding W to
be gauge invariant we can get the Ward identities in the boundary theory,
∇MTMN = FNMJM , ∇MJM = −(n+ 1)C(2n) ⋆
[
V¯ (T ) ∧F∧n
]
. (6.8)
We observe that the system exhibits U(1) anomaly.
6.2 Anomalous Equilibrium Partition Function
In our earlier discussion on equilibrium in § 2.2, we wrote the most generic equilibrium
partition function as a gauge invariant scalar. Now we need to modify this partition function
appropriately with a gauge non-invariant piece to account for anomaly. We decompose the
equilibrium partition function into,
W eqb =W eqbcons +W
eqb
anom. (6.9)
Here W eqbcons is the most generic gauge invariant partition function which can be written out
of background fields, which has been discussed thoroughly in preceding sections. W eqbanom on
the other hand is completely determined in terms of anomaly coefficient C(2n). We suggest
its explicit form to be,
W eqbanom = −
∫
M(2n+1)
nC(2n)ϑoνoV ∧ V¯ (K) ∧A∧
(
F
∧(n−1) +
1
2
(n− 1)d(ϑoνoV ) ∧F∧(n−2)
)
,
(6.10)
which generates correct anomalies. Recall that we are allowed to use any arbitrary time
field T to specify anomalies; in equilibrium configuration T = K is the most natural choice.
Performing on shell variation (dV = 0) of W eqbanom,
δW eqbanom = −
∫
M(2n+1)
1
2
n(n+ 1)C(2n)ϑ2oν
2
oδV ∧ V ∧ V¯ (K) ∧F∧(n−1)
−
∫
M(2n+1)
nC(2n)δA ∧
{
(n+ 1)ϑoνoV ∧ V¯ (K) ∧F∧(n−1) − V¯ (K) ∧A ∧F∧(n−1)
}
, (6.11)
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and using eqn. (6.7), we can find find the covariant anomalous currents at equilibrium,
JMo,anom = n(n+ 1)C
(2n)ϑoνo ⋆
[
V ∧ V¯ (K) ∧F∧(n−1)
]M
,
TMNo,anom = n(n+ 1)C
(2n)ϑ2oν
2
o ⋆
[
V ∧ V¯ (K) ∧F∧(n−1)
](M
V N). (6.12)
One can check that these currents identically satisfy the anomalous conservation equations.
Note that these currents are also to be supplemented with the non-anomalous pieces discussed
in previous sections. In the local rest of reference frame K, the equilibrium partition function
can be expressed in Kaluza-Klein notation,
W eqbanom =
∫
M(2n−1)
nC(2n)νoA ∧
(
(dA)∧(n−1) +
1
2
(n− 1)νoϑ˜da ∧ (dA)∧(n−2)
)
. (6.13)
Above we have left more than one powers of da, as they do not contribute on-shell. Varying
it we can find the anomalous contribution to Galilean currents; only non-trivial contributions
are given by,
jiq,anom = n(n+1)C
(2n)ϑoνo∗
[
(dA)∧(n−1)
]i
, jiǫ,anom =
1
2
n(n+1)C(2n)ϑ2oν
2
o ∗
[
(dA)∧(n−1)
]i
.
(6.14)
When generating constitutive relations of a Galilean fluid using equilibrium partition function,
above results are naturally written in equilibrium hydrodynamic frame. Interestingly mass
current does not get any anomalous correction, hence these results are automatically written
in mass frame as well. Correspondingly the constraints of parity-odd sector in odd spatial
dimensions (d = 2n− 1) eqn. (3.19) modify to include contribution from anomalies,
ω˜ǫ(n−1) = ϑn
(
ϑC1,(n−1) +
E + P − ϑ̟R
R
C2,(n−1) − ϑνC2,(n) +
1
2
(n+ 1)ϑν2C(2n)
)
,
ω˜q(n−1) = ϑn
(
Q
R
C2,(n−1) − C2,(n) + (n+ 1)νC(2n)
)
. (6.15)
Note that only r = n−1 component of eqn. (3.19) is modified, while other constraints remain
unchanged.
6.3 Anomalous Entropy Current
In this section, we shall try to get the anomalous contribution to constitutive relations found
in last sub-section, using second law constraint. In presence of anomaly, the canonical entropy
current divergence eqn. (3.12) will get modified to,
ϑ∇MJMs(can) = −ΠMN∇MuN −
1
ϑ
EM∂Mϑ+ΥM
(FMNuN − ϑ∂Mν)
+ ϑν(n+ 1)C(2n) ⋆
[
V¯ (T ) ∧F∧n
]
. (6.16)
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Using leading order parity-odd (d = 2n−1) constitutive relations eqn. (3.14) we can evaluate
it to get,
ϑ∇MJMs(can) =
n−1∑
r=0
(
n−1
r
)
lM(r)
[
−ω˜ǫ(r)
1
ϑ
∂Mϑ+ ω˜q(r)
(FMNuN − ϑ∂Mν)
]
− ϑνn(n+ 1)C(2n)lM(n−1)FMNuN . (6.17)
Clearly it will modify the constraints eqn. (6.15) only for r = n−1. Plugging in the expression
for ∇MΥMs from section § 3.3.2, we will reproduce expression for ω˜q(n−1) in eqn. (6.15), and
get the following differential equations for ω˜ǫ(n−1),
ω˜ǫ(n−1) = ϑn
(
ϑ
∂
∂ϑ
ω˜s(n−1) +
E + P − ϑ̟R
R
C2,(n−1) − ϑνC2,(n)
)
,
∂
∂̟
ω˜s(n−1) = 0,
∂
∂ν
ω˜s(n−1) = n(n+ 1)ϑ
2νC(2n). (6.18)
Last equation will imply,
ω˜s(n−1) =
1
2
n(n+1)ϑν2C(2n)+f(ϑ),
∂
∂ϑ
ω˜s(n−1) =
1
2
n(n+1)ν2C(2n)+C1,(n−1)(ϑ). (6.19)
This gives the remaining ω˜ǫ(n−1) constraint in eqn. (6.15), except that C1,(n−1) is an arbitrary
function of ϑ similar to what we saw in § 3.3.2. This can be remedied by putting in torsion
to relax HMN = 0 condition, as we shall present in the appendix (A).
7 Discussion
In this work we have proposed an innovative and interesting approach to construct the equilib-
rium partition function and constitutive relations of a Galilean fluid in arbitrary dimensions,
starting from a relativistic system, namely null fluid. The basic idea of this construction has
already been presented in a previous paper [1]; here we have generalized it to include a global
(anomalous) U(1) current. The beauty and importance of our approach lies in the construc-
tion of null fluids. We have showed that the symmetries and background field content of a
Galilean theory is exactly captured by a theory defined on null background. This motivates
us to define a theory of hydrodynamics on null backgrounds (i.e. null fluid) from scratch, and
use it to derive constitutive relations of a Galilean fluid.
Although, the main aim of this construction has been to write down leading order constitutive
relations of a Galilean fluid (in presence of anomaly), but in the process we learnt that null
fluids can be considered as a robust stage to study properties of the most generic Galilean fluid.
We found an exact one to one correspondence (not corrected order by order in derivatives)
between all aspects of a null fluid and a Galilean fluid, but more than that, the actual map of
this correspondence is essentially trivial. Our approach has been to study the null fluid itself
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as an independent theory, and later exploit the triviality of this map to say something useful
about the Galilean fluids.
The triviality of this map is an important feature. Works in past in this direction, including
our own in [15], have at best found a mapping between usual relativistic fluids and (a subset
of) Galilean fluids, which has to be corrected order by order in the derivative expansion
(not to forget the faulty thermodynamics it endows to the Galilean fluid), and not much
useful could be said thereof. Note that in the current work however, our mapping is exact
to all orders in the derivative expansion, which enables us to directly use much sophisticated
relativistic machinery to study non-relativistic fluids and hence is very interesting in realistic
scenarios.
We also found that null backgrounds allow us to introduce U(1) anomalies in an odd-
dimensional null theory (i.e. an even dimensional Galilean theory) and forbid them in an
even dimensional null theory (i.e. an odd dimensional Galilean theory). This is in sharp
contrast with the usual relativistic results, where it is the other way round. However from
the perspective of Galilean fluids it is pretty natural. A generalization of this construction
to include non-abelian and gravitational anomalies will be presented in a companion paper
[19].
Apart from these anomalous terms, we also have other parity-odd terms in the constitu-
tive relations, for both, even and odd dimensional Galilean fluid. The study of parity-odd
non-relativistic hydrodynamics has become a very fascinating topic in recent years. Fluid
consisting of chiral molecules breaks parity at the microscopic level. This kind of fluid plays
an important role in many biochemical processes, where only the molecule with right chirality
can fit into a protein. Therefore to model such a fluid, we would be forced to add parity-odd
terms in the constitutive relations. Our construction gives a consistent way to obtain the
possible parity-odd terms in a Galilean fluid, at any desired order in the derivative expansion.
It would be very interesting and important to understand the effect of these terms in some
practical examples.
Finally, we would like to make some comments on physical aspects of the null fluid. Although
we construct the null fluid dynamics and show that it is in one to one correspondence to a lower
dimensional Galilean fluid; the physical significance of this null fluid itself is not yet clear.
Presence of an extra background field, i.e. the null Killing vector, has allowed us to introduce
a set of new transport coefficients (e.g. R) in the null fluid constitutive relations, as compared
to a usual relativistic fluid. The physical meaning of these new transport coefficients, which
come coupled to the null vector, becomes clear only once we identify the dynamics of null
fluid with that of a Galilean fluid living in one lower dimension. Hence, at this stage, the
correct physical interpretation of the null fluid appears to be that it is a particular embedding
of the Galilean fluid in a spacetime with one higher dimension. This approach is more in lines
with the axiomatic approach of defining a Galilean fluid, but has the benefit that we have all
the well-developed machinery of relativistic physics at our disposal.
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A Minimal Torsion Model
In the main text we alluded at more that one instances that entropy current fails to cap-
ture all the constraints a null/Galilean fluid should follow on torsionless backgrounds. In
this appendix we provide heuristic arguments for consistency between entropy current and
equilibrium partition function constraints in parity-odd sector by introducing ‘minimal tor-
sion’. We introduce a torsion in the connection, ΓR[MN ] = −12uRHMN , so the full connection
becomes,
ΓRMS =
1
2
GRN (∂MGNS + ∂SGNM − ∂NGMS)− 1
2
(
uRHMS − uMH RS − uSH RM
)
. (A.1)
One can check that with this connection, ∇MV N = 0 does not require HMN to be zero. In
fact, for our purposes it suffices to choose H = dV = V ∧X where XM is a projected vector
such that dX = 0. We call this minimal torsion. For spinless theories, constitutive relations
remain the same except ∇M → ∇M = ∇M−XM . We can define an entropy current as before,
whose canonical part will now have divergence,
ϑ∇MJMs(can) = −ΠMN∇MuN + EM
(
XM − 1
ϑ
∂Mϑ
)
+ΥM
(FMNuN − ϑ∂Mν) . (A.2)
We will now write the most generic constitutive relations and entropy current corrections
in presence of minimal torsion, and compute constraints on hydrodynamic transport. In
the following we only consider parity-odd sector; in parity-even sector we did not find any
discrepancy between entropy current and equilibrium partition function to start with, and
moreover calculation with torsion turns out to be trivially equivalent to what was done without
torsion.
Odd Dimensions (d=2n-1): In odd dimensions introduction of XM does not lead to any
new data; hence constitutive relations eqn. (3.14) do not modify, neither does the entropy
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current correction eqn. (3.28). However divergence of entropy current does modify,
−∇MΥMs = lM(0)n
[
−∂M ω˜s(0) + C2,(1)ϑν
(
XM − 1
ϑ
∂Mϑ
)
−C2,(1)
(FMNuN − ϑ∂Mν)
]
+
n−1∑
r=1
(
n−1
r
)
lM(r)n
[
−∂M ω˜s(r) + ω˜s(r)
1
ϑ
∂Mϑ+
(
Q
R
C2,(r) − C2,(r+1)
)(FMNuN − ϑ∂Mν)
+
(
ω˜s(r) +
E + P − ϑ̟R
R
C2,(r) − ϑνC2,(r+1)
)(
XM − 1
ϑ
∂Mϑ
)]
. (A.3)
Plugging in the canonical part of entropy current eqn. (A.2) and demanding ∇MJMs ≥ 0, we
will find a consistency condition on entropy current,
∂
∂ϑ
ω˜s(r) =
ω˜s(r)
ϑ
,
∂
∂̟
ω˜s(r) = 0,
∂
∂ν
ω˜s(r) = 0 ⇒ ω˜s(r) = C1,(r)ϑ, (A.4)
where C1,(r) is a constant. This is the missing constraint, which we did not find through
entropy current in absence of torsion. Using this we can check that we get all the constraints
eqn. (3.19) which we got from equilibrium partition function. One can now take a torsionless
limit, which is trivial as there is no XM dependence in the constitutive relations or entropy
current.
Even Dimensions (d=2n): The even dimensional case is more interesting. Constitutive
relations eqn. (3.15) modify as,
Π˜MN(n) = −PMN
n∑
r=0
(
n
r
)
ζ˜(r)l(r) −
n−1∑
r=0
(
n−1
r
)
η˜(r)l
R(M
(r) σ
N)
R,
E˜M(n) =
n−1∑
r=0
(
n−1
r
)
lMN(r)
[
λ˜ǫ̟(r)∂N̟ + λ˜ǫν(r,s)∂Nν + κ˜ǫ(r)∂Nϑ+ λ˜ǫX(r)XN + σ˜ǫ(r)
(FNRuR − ϑ∂Nν)] ,
Υ˜M(n) =
n−1∑
r=0
(
n−1
r
)
lMN(r)
[
λ˜q̟(r)∂N̟ + λ˜qν(r)∂Nν + κ˜q(r)∂Nϑ+ λ˜qX(r)XN + σ˜q(r)
(FNRuR − ϑ∂Nν)] .
(A.5)
On the other hand, most generic entropy current correction (omitting terms that will give
pure derivative terms in the divergence) will be given as,
ΥMs =
n∑
r=0
(
n
r
)S2,(r) ⋆ [u ∧ Fˆ∧r ∧ Ωˆ∧(n−r−1)]M
+ ϑn
n−1∑
r=0
(
n−1
r
)
lMN(r)
[
λ˜s̟(r)∂N̟ + λ˜sν(r)∂Nν + λ˜sϑ(r)∂Nϑ+ λ˜sX(r)
(
XN − 1
ϑ
∂Nϑ
)]
. (A.6)
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Its divergence can be computed to be,
∇MΥMs = −
n∑
r=0
(
n
r
)
l(r)u
M∂MS2,(r)
+ n
n−1∑
r=0
(
n−1
r
)
lMN(r)
[(
Q
R
∂MS2,(r) − ∂MS2,(r+1)
)(FNRuR − ϑ∂Nν)
+
(
I(r)Mϑ+
E + P − ϑ̟R
R
∂MS2,(r) − ϑν∂MS2,(r+1)
)(
XN − 1
ϑ
∂Nϑ
)
ϑ
(
∂
∂ϑ
λ˜s̟(r) −
∂
∂̟
λ˜sϑ(r)
)
∂Mϑ∂N̟
+ϑ
(
∂
∂ν
λ˜sϑ(r) −
∂
∂ϑ
λ˜sν(r)
)
∂Mν∂Nϑ+ ϑ
(
∂
∂̟
λ˜sν(r) −
∂
∂ν
λ˜s̟(r)
)
∂M̟∂Nν
]
, (A.7)
where,
I(r) = dλ˜sX(r) + λ˜s̟(r)d̟ + λ˜sν(r)dν + λ˜sϑ(r)dϑ. (A.8)
The divergence of canonical piece on the other hand is given as:
ϑ∇MJMs(can) = −Θ
n∑
r=0
(
n
r
)
ζ˜(r)l(r)
−
n−1∑
r=0
(
n−1
r
)
lMN(r)
[{
λ˜ǫ̟(r)∂M̟ + λ˜ǫν(r)∂Mν +
(
κ˜ǫ(r) +
1
ϑ
λ˜ǫX(r)
)
∂Mϑ
}(
XN − 1
ϑ
∂Nϑ
)
+
(
σ˜ǫ(r) − λ˜ǫX(r)
) (FMRuR − ϑ∂Mν)
(
XN − 1
ϑ
∂Nϑ
)
+
{
λ˜q̟(r)∂M̟ + λ˜qν(r)∂Mν +
(
κ˜q(r) +
1
ϑ
λ˜qX(r)
)
∂Mϑ
}(FNRuR − ϑ∂Nν)
]
. (A.9)
Comparing the two we will get three consistency conditions on the entropy current,
∂
∂ϑ
λ˜s̟(r) =
∂
∂̟
λ˜sϑ(r),
∂
∂ν
λ˜sϑ(r) =
∂
∂ϑ
λ˜sν(r),
∂
∂̟
λ˜sν(r) =
∂
∂ν
λ˜s̟(r), (A.10)
which will have most generic solution,
λs̟(r) =
∂
∂̟
f1(r)(ϑ,̟, ν),
λsν(r) =
∂
∂ν
f1(r)(ϑ,̟, ν) +
∂
∂ν
f2(r)(ϑ, ν)
λsϑ(r) =
∂
∂ϑ
f1(r)(ϑ,̟, ν) +
∂
∂ϑ
f2(r)(ϑ, ν) +
∂
∂ϑ
f3(r)(ϑ), (A.11)
for some arbitrary functions f1(r)(ϑ,̟, ν), f2(r)(̟, ν), f3(r)(ν). We define,
S1,(r) = λ˜sX(r) + f1(r) + f2(r) + f3(r). (A.12)
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Table 3: Leading Derivative Order Data for Galilean Fluid (Non-Covariant)
Newton-Cartan Data Non-Covariant Data
Parity Even
∇µuµ s∇iu¯i − 12(eΦ − aiu¯i)gij∂tgij − ai∂tu¯i
pµν∂νϑ, p
µν∂ν̟, p
µν∂νν s∇iϑ− ai∂tϑ, s∇i̟ − ai∂t̟, s∇iν − ai∂tν
pµν (Fνρuρ − ϑ∂νν) ei + βij u¯j − ϑ s∇iν + ϑai∂tν
σµν = 2pσ(µ ∇σuν) − 2dpµν ∇µuµ
σij = 2 s∇(iu¯j) − 2
d
gij s∇iu¯i −2a(i∂tu¯j) + 2dgijai∂tu¯i
−(eΦ − aiu¯i)
(
∂tg
ij + 1
d
gijgkl∂tg
kl
)
Parity Odd – Odd Dimensions (d = 2n− 1)
lµ(r)
∣∣n−1
r=0
≡ ∗ [β∧r ∧ ω∧(n−r−1)]µ li(r)∣∣n−1r=0 ≡ ∗ [β∧r ∧ ω∧(n−r−1)]i
Parity Odd – Even Dimensions (d = 2n)
l(r)
∣∣n
r=0
≡ ∗ [β∧r ∧ ω∧(n−r)] l(r)∣∣nr=0 ≡ ∗ [β∧r ∧ ω∧(n−r)]
lµν(r)∂νϑ, l
µν
(r)∂ν̟, l
µν
(r)∂νν
lij
(r)
(∂jϑ− ai∂tϑ), lij(r) (∂j̟ − ai∂t̟),
lij(r) (∂jν − ai∂tν)
lµν(r) (Fνρuν − ϑ∂νν) lij(r)
(
ej + βjku¯
k − ϑ∂jν + ϑaj∂tν
)
l
ρ(µ
(r) σ
ν)σpρσ l
k(i
(r)σ
j)lgkl
where,
lµν
(r)
∣∣n−1
r=0
≡ ∗ [β∧r ∧ ω∧(n−r−1)]µν lµν
(r)
∣∣n−1
r=0
≡ ∗ [β∧r ∧ ω∧(n−r−1)]ij
One can check that I(r) = dS1,(r). Demanding entropy current divergence to be non-negative
one can check that (in torsionless limit) we get all the equilibrium partition function con-
straints, as well as the additional entropy current constraints which we found before.
Hence we have established the agreement of equilibrium partition function and entropy current
in arbitrary number of dimensions. These results upon reduction, agree with the entropy
current calculation for 2 spatial dimensional fluid in [2], except for a few discrepancies. We
provide a detailed comparison with their results in appendix (C).
B Non-Covariant Results
We mentioned in the main text that vector field T defines a reference frame. We can go
to local rest of one such frame by choosing a basis xM = {x−, t, xi} such that V = ∂− and
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T = ∂t. This essentially amounts to setting v
i = 0 in the Newton-Cartan construction. For
example in the equilibrium configuration discussed in § 2.2, we have studied the system in
local rest of frame defined by isometry KM . Using the same field decomposition as given in
§ 2.2, partition function eqn. (4.16) reduces to:
δW = R˜
∫
{dxµ}
√
−G
[
e−ΦǫtotδΦ − e−2Φ
(
jiǫ − jiρeΦBt − jiqeΦAt
)
δai + e
−Φ 1
2
tijδgij
+
(
ρδBt + e−ΦjiρδBi
)
+
(
qδAt + e−ΦjiqδAi
) ]
. (B.1)
It is exactly same as eqn. (4.19), except that the observables are now defined with respect to
frame T and are not independent of t. Note that choosing a frame fixes the Milne invariance
in the partition function, and hence Milne Ward identity pi = jiρ goes on-shell. Under Milne
boost background fields transform as,
Bt → Bt − e−Φ 1
2
ψ¯2, Bi → Bi + ψ¯i. (B.2)
On the other hand various densities and currents transform as,
ρ→ ρ, jiρ → jiρ − ρψ¯i, tij → tij − 2j(iρ ψ¯j) + ρψ¯2,
ǫtot → ǫtot − jiρψ¯i +
1
2
ρψ¯2, jiǫ →
(
jiǫ − ǫtotψ¯i
)− (tij − ψ¯ijjρ) ψ¯j + 12 ψ¯2 (jiρ − ρψ¯i) .
q → q, jiq → jiq − qψ¯i. (B.3)
The conservation equations in non-covariant basis becomes,
1√
g
∂t (
√
gqnc) + s∇i
(
e−Φjiq
)
= 0,
1√
g
∂t (
√
gρnc) + s∇i
(
e−Φjiρ
)
= 0,
1√
g
∂t (
√
gǫtot,nc) + s∇i
(
e−Φjiǫ
)
= −1
2
tij∂tgij + e
−Φeij
i
q − e−Φα(T )ijiρ
1√
g
∂t (
√
gpnc,i) + s∇j
(
e−Φtji
)
= −1
2
e−Φait
jk∂tgjk + e
−Φ
(
qei + βijj
j
q
)
+ e−Φ
(−ρα(T )i + ω(T )ijjjρ) ,
(B.4)
where non-covariant densities gets a contribution from temporal curvature,
ρnc = ρ−e−Φjiρai, ǫtot,nc = ǫtot−e−Φjiǫai, qnc = q−e−Φjiqai, pinc = jiρ−e−Φtijaj . (B.5)
These are just the usual Galilean conservation equations, generalized to curved space-time.
Constitutive relations of a Galilean fluid written in mass frame can be found as,
jiρ = p
i = Ru¯i, tij = Ru¯iu¯j + Pgij + πij, jiq = Qu¯
i + ςiq,
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ǫtot = E +
1
2
Ru¯2, jiǫ =
(
E + P +
1
2
Ru¯2
)
u¯i + ςiǫ + π
ij u¯j.
sˆ = S −Υs−, jis = Su¯i +
1
ϑ
ςiǫ − νςiq +Υis −Υs−u¯i. (B.6)
They follow conservation laws eqn. (B.4). Finally we can explicitly obtain the constitutive
relations upto leading order in derivative expansion for by reducing results of § 5 in mentioned
basis. Reduction of various data down to non-covariant basis is given in table (3). In the
following we present results for a special case when time is flat (ai = Φ = 0), space is time
independent (∂tgij = 0) and reference frame is inertial αi = ωij = 0 for simplicity.
Odd Spatial Dimensions: We first present constitutive relations for a fluid living in odd
spatial dimensions (d = 2n− 1),
πij = −ησij − gijζ s∇ku¯k,
ςiǫ = κǫ
s∇iϑ+ ϑκq
(
ei + βij u¯j − ϑ s∇iν
)
+
n−1∑
r=0
(
n−1
r
)
ω˜ǫ(r)l
i
(r),
ςiq = κq
s∇iϑ+ σq
(
ei + βij u¯j − ϑ s∇iν
)
+
n−1∑
r=0
(
n−1
r
)
ω˜q(r)l
i
(r). (B.7)
In the special case of 3 spatial dimensions we will get the well known results [3],
πij = −ησij − ζgij s∇ku¯k,
ςiǫ = κǫ
s∇iϑ+ σǫ
(
ei + (u¯×B)i − ϑ s∇iν)+ ω˜ǫ(0)ωi + ω˜ǫ(1)Bi,
ςiq = κq
s∇iϑ+ σq
(
ei + (u¯×B)i − ϑ s∇iν)+ ω˜q(0)ωi + ω˜q(1)Bi, (B.8)
where Bi = 12ε
ijkβjk, ω
i = εijk∂jvk, (v ×B)i = εijkvjBk = βijvj .
Even Spatial Dimensions: Similarly in even spatial dimensions (d = 2n) we can get,
πij = −ησij −
n−1∑
r=0
(
n−1
r
)
η˜(r)l
k(i
(r)σ
j)lgkl − gij
(
ζ s∇iu¯i +
n∑
r=0
(
n
r
)
ζ˜(r)l(r)
)
,
ςiǫ =
(
gijκǫ +
n−1∑
r=0
(
n−1
r
)
lij(r)κ˜ǫ(r)
)
∂jϑ+ ϑ
(
gijκq −
n−1∑
r=0
(
n−1
r
)
lij(r)κ˜q(r)
)(
ej + βjku¯
k − ϑ∂jν
)
+ ϑn
n−1∑
r=0
(
n−1
r
)
lij(r)
(
ϑ∂jS1,(r) +
E + P − ϑ̟R
R
∂jS2,(r) − ϑν∂jS2,(r+1)
)
,
ςiq =
(
gijκq +
n−1∑
r=0
(
n−1
r
)
lij(r)κ˜q(r)
)
∂jϑ+
(
gijσq +
n−1∑
r=0
(
n−1
r
)
lij(r)σ˜q(r)
)(
ej + βjku¯
k − ϑ∂jν
)
+ ϑn
n−1∑
r=0
(
n−1
r
)
lij(r)
(
Q
R
∂jS2,(r) − ∂jS2,(r+1)
)
. (B.9)
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These results for sure are messy, but take a cleaner form in 2 spatial dimensions,
πij = −ησij − η˜εk(iσj)lgkl − gij
(
ζ s∇ku¯k + ζ˜ωω + ζ˜BB
)
,
ςiǫ =
(
gijκǫ + ε
ij κ˜ǫ
)
∂jϑ+ ϑ
(
gijκq − εij κ˜q
)(
ej + ǫjku¯
kB − ϑ∂jν
)
+ ϑεij
(
ϑ∂jS1,(0) +
E + P − ϑ̟R
R
∂jS2,(0) − ϑν∂jS2,(1)
)
,
ςiq =
(
gijκq + ǫ
ijκ˜q
)
∂jϑ+
(
gijσq + ǫ
ij σ˜q
) (
ej + ǫjku¯
kB − ϑ∂jν
)
+ ϑεij
(
Q
R
∂jS2,(0) − ∂jS2,(1)
)
, (B.10)
where B = 12ε
ijβij, ω = ε
ij∂ivj , ε
ijvjB = β
ijvj .
Under the assumption of flat time, time independent space and reference frame being inertial,
these constitutive relations follow very simplified and familiar conservation laws,
∂tQ+ s∇ijiq = 0, ∂tR+ s∇i(Rvi) = 0,
∂t
(
E +
1
2
Rvivi
)
+ s∇ijiǫ = jiqei, ∂t(Rvi) + s∇jtji = Qei − jqjβji. (B.11)
Last term can be seen as (jq ×B)i or εijjqjB depending on the number of dimensions.
C Comparison with Geracie et al. [2]
Our null fluid construction is computationally similar to [2], but has a different essence to
it. Authors in [2] considered an extended (d + 2)-dim representation of the Galilean group,
and realized it with the help of a (d + 2)-dim flat space. They then defined an extended
Vielbein which connects this (d+ 2)-dim space to (d+ 1)-dim Newton-Cartan manifold, and
used this formalism to write Ward identities and constitutive relations of the Galilean fluid in
a covariant manner. In this work however, we do hydrodynamics on the (d + 2)-dim curved
manifold (null background) to start with, and later perform light cone reduction to get a
Galilean fluid. As we mentioned, fluid on null background (null fluid) is essentially equivalent
to the Galilean fluid, so we can expect computational similarities with the construction of
[2].
[2] also studied torsional Galilean fluid in 2 spatial dimensions. We should be able to re-
produce their results restricted to torsion-less case. In two spatial dimensions (d = 2), the
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hydrodynamic frame invariants in parity-odd sector eqn. (5.14) become,
πµν = −ησµν − η˜ǫρ(µσν)σpρσ − pµν
(
ζΘ+ f˜ωω + f˜BB
)
,
ςµǫ = ϑσT p
µν (Fνρvρ − ϑ∂νν) + κT pµν∂νϑ− ϑσ˜T ǫµν (Fνρuρ − ϑ∂νν) + κ˜T ǫµν∂νϑ
− m˜ǫµνFνρuρ + E + P − ϑ̟R
R
ϑǫµν∂ν n˜+ ∂νǫ
µνm˜ǫ,
ςµq = σEp
µν (Fνρuρ − ϑ∂νν) + σT pµν∂νϑ+ σ˜Eǫµν (Fνρvρ − ϑ∂νν) + ǫµν σ˜T∂νϑ
+ ǫµν∂νm˜+
Q
R
ϑǫµν∂ν n˜, (C.1)
where we have made some redefinitions to make results look similar to [2],
m˜ = −ϑS2,(1), n˜ = S2,(0), σ˜T = κ˜q −
1
ϑ
m˜, m˜ǫ = ϑ
2S1,(0) + ϑνm˜, κ˜T = κ˜ǫ −
2
ϑ
m˜ǫ,
σ˜E = σ˜q, σE = σq, σT = κq, κT = κǫ, (C.2)
f˜ω = ζ˜ω = −
[
ϑ2
∂P
∂E
∂
∂ϑ
+
∂P
∂R
∂
∂̟
+
∂P
∂Q
∂
∂ν
]
n˜,
f˜B = ζ˜B =
[
ϑ2
∂P
∂E
∂
∂ϑ
+
∂P
∂R
∂
∂̟
+
∂P
∂Q
∂
∂ν
]
m˜
ϑ
. (C.3)
Relations eqn. (C.1) are same as eqn. (6.64) of [2], except few subtle points. We do not have
the coefficient κ˜Q while they don’t have n˜ and f˜ω. We would like to mention few points which
might explain this discrepancy. In the following we use notation as used in their paper.
Just before eqn. (6.52) of [2], authors dropped the ζ˜ωωu
µ term in the entropy current as it
gives rise to a ‘genuine second order data’ ω˙. However one can show that just like magnetic
field, there exists an independent combination,
ζ˜ω (ωu
µ + α˜ν) , (C.4)
which has composite divergence. Here αν = uµ∇µuν and V˜ µ = ǫµνVν is the duality operation.
In other words ω˙ = uµ∂µω is not an independent genuine data, and can be decomposed using
first order Ward identities,
ω˙ = −ωΘ− ǫµν∇µαν
=
(
q
ρ
B − ω
)
Θ− ǫµν∇µeν + q
ρ
B˙ − ∇˜µ
(
q
ρ
)
Eµ − ∇˜µ
(
ǫ+ p
ρ
)
Gµ − 1
ρ2
∇˜µρ∇νp. (C.5)
Therefore [2] missed the n˜ and its dependent f˜ω coefficients. For other discrepancy we note
that they have a term − 1
T
(σ˜G − κ˜E)E˜µGµ in entropy production eqn. (6.55), which implies
σ˜G = κ˜E . This will give rise to another consistency condition, which can be read out directly
from eqn. (6.62),
c˜Q + T (∂Qc˜T − ∂T c˜Q) = 0 ⇒ c˜Q = T [∂Qf1(T, νQ) + ∂Qf2(νQ)] , c˜T = T∂T f1(T, νQ),
(C.6)
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for some arbitrary functions f1(T, νQ), f2(νQ). One can in turn absorb these functions by
redefining,
g˜ → g˜ − f1 − f2. (C.7)
As an effect, in eqn. (6.62) of [2] all the c’s drop out. Consequently by eqn. (6.70) all c
dependent coefficients σ˜Φ, κ˜Q, κ˜Φ vanish (or can be absorbed in definition of m˜ǫ). Barring
these modifications, we find our results to be in exact correspondence with [2] for torsionless
fluids.
D Conventions of Differential Forms
In this appendix we will recollect some results about differential forms, and will set notations
and conventions used throughout this work. An m-rank differential form µ(m) on M(d+2),
can be written in a coordinate basis as,
µ(m) =
1
m!
µM1M2...Mmdx
M1 ∧ dxM2 ∧ . . . ∧ dxMm , (D.1)
where µ is a completely antisymmetric tensor. On M(d+2), volume element is given by a full
rank form,
ǫ(d+2) =
1
(d+ 2)!
ǫM1M2...Md+2dx
M1 ∧ dxM2 ∧ . . . ∧ dxMd+2 , (D.2)
where ǫ is the totally antisymmetric Levi-Civita symbol with value ǫ0,1,2,...,d+1 =
√|G| and
G = detGMN . Using it, Hodge dual is defined to be a map from m-rank differential forms to
(d+ 2−m)-rank differential forms,
⋆ [µ(m)] =
1
(d+ 2−m)!
(
1
m!
µM1...MmǫM1...MmN1...Nd+2−m
)
dxN1 ∧ . . . ∧ dxNd+2−m . (D.3)
One can check that ⋆ ⋆ µ(m) = sgn(G)(−)m(d−m) . For us obviously sgn(G) = −1 due to
Minkowski signature of the metric, but we tag along this factor for clarity. The exterior
product of a differential form is defined to be,
dµ(m) =
1
(m+ 1)!
[
(m+ 1)∂[M1µM2...Mm+1]
]
dxM1 ∧ . . . ∧ dxMp+1 . (D.4)
Integration of a full rank form is defined as,∫
M(d+2)
µ(d+2) = sgn(G)
∫ {
dxM
}√|G| ⋆ [µ(d+2)]
= sgn(G)
∫ {
dxM
}√|G| 1
(d+ 2)!
ǫM1...Md+2µM1...Md+2 . (D.5)
Here the raised Levi-Civita symbol has value ǫ0,1,2,...,d+1 = sgn(G)/
√
|G|. Integration of an
exact full rank form is given by integration on the boundary,∫
M(d+2)
dµ(d+1) =
∫
∂M(d+2)
µ(d+1), (D.6)
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where given a unit vector N normal to boundary, volume element on the boundary is defined
as ιNǫ
(d+2) = ⋆N.
Newton-Cartan Differential Forms
A Newton-Cartan differential form is a differential form onM(d+2) which does not have a leg
along V , i.e. ιV µ
(m). Such a form can be expanded as,
µ(m) =
1
m!
µµ1µ2...µmdx
µ1 ∧ dxµ2 ∧ . . . ∧ dxµm . (D.7)
Volume element of NC manifold is defined as,
ε
(d+1)
↓ = ⋆V =
1
(d+ 1)!
(
VM ǫMµ1...µd+1
)
dxµ1 ∧ . . . ∧ dxµd+1 . (D.8)
Since there is no degenerate metric on NC manifold we cannot define a Hodge dual. Hodge
dual can however be defined if we chose a frame T . We can hence define spatial differential
forms with the requirement that they should not have any leg along V and V¯(T ). For these
forms, indices can be raised and lowered using pµν and pµν . We can define a spatial volume
element,
ε(d) = ⋆[V ∧ V¯ ] = 1
d!
(
V M V¯ NǫMNµ1...µd
)
dxµ1 ∧ . . . ∧ dxµd , (D.9)
and corresponding to it a Hodge duality operation,
∗
[
µ(m)
]
= ⋆
[
V ∧ u ∧ µ(m)
]
=
1
(d−m)!
(
1
m!
µµ1...µmεµ1...µmν1...νd−m
)
dxν1 ∧ . . . ∧ dxνd−m.
(D.10)
One can check that ∗∗ = −sgn(G)(−)m(d−m) .
Non-Covariant Differential Forms
Going to the local rest of frame T used to define the Newton-Cartan spatial forms, we can
check that the spatial forms behave covariantly on the spatial slice, i.e. can be expressed
as,
µ(m) =
1
m!
µi1i2...imdx
i1 ∧ dxi2 ∧ . . . ∧ dxim . (D.11)
One can check that the volume element ε(d) defined before is indeed a full rank form on the
spatial slice and can be written in this setting as,
ε(d) =
1
d!
(
VM V¯ NǫMNi1...id
)
dxi1 ∧ . . . ∧ dxid. (D.12)
The Hodge dual ∗ associated with it serves as Hodge dual operation on the spatial slice,
∗
[
µ(m)
]
=
1
(d−m)!
(
1
m!
µi1...imεi1...imj1...jd−m
)
dxj1 ∧ . . . ∧ dxjd−m . (D.13)
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Finally a full rank spatial form can be integrated on a spatial slice,∫
M(d)
µ(d) = sgn(G)
∫
M(d+2)
eΦV ∧ V¯ ∧ µ(d) = sgn(g)
∫
{dxµ}
√
|g| ∗ [µ(d)]. (D.14)
Here g = det gij = e
2Φγ = −e2ΦG. Since gij is a spatial metric sgn(g) = +1. Other
conventions and notations are same as relativistic case.
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